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4
+ 5 1

24
= ❢✮

2
8
+ 4 1

16
+ 2 1

32
+ 13

4
=

❝✮ 51
5
+ 7 3

10
+ 4

15
+ 21

3
= ❣✮ 71

7
+ 3

14
+ 21

8
+ 3 1

56
=

❞✮ 21
7
+ 3

14
+ 2 1

28
+ 31

4
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5
+ 3 1
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+ 2 1
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1
3
+ 4

9
+ 5

6
+ 3

9
+ 11

3
+ 12

6
=

❜✮

2
5
+ 1

10
+ 3

15
+ 12

5
+ 7
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+ 13

15
=

❝✮

3
4
+ 7

16
+ 4

8
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4
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7
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14
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14
❞✮

?
12

+ 8
60
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4
6
+ ?

18
= 21
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❡✮

4
15

+ ?
120
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❝✮

?
9
+ 4

81
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❢✮

?
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+ 28
168
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1
5
+ 0, 5 = ❡✮

5
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❜✮

3
4
+ 0, 05 = ❢✮

36
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❝✮

1
2
+ 1 = ❣✮

14
20

+ 46, 8

❞✮

3
2
+ 4 = ❤✮
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❜✮

3
5
+ 0, 7 = ❢✮
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10
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3
5
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10
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3
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5
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18
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19
36
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❝✮

28
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30
45
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9
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14
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28
20
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50
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− 12
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− 5

4
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=

❝✮
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4
− 8

16
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8
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32
=

❞✮

24
7
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84
− 12

21
− 6

14
=

❡✮
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3
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❛✮ 51
4
− 23
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❂ ❞✮ 71

4
− 31

3
=

❜✮ 61
4
− 32
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❂ ❡✮ 43

5
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❝✮ 45
6
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3
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2
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4
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3
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7
− 1 6
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❝✮ 91
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= ❢✮ 10 6

15
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❛✮ 101
2
− 41

4
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8
= ❞✮ 103

4
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8
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=

❜✮ 81
3
− 42

6
− 1 1

12
= ❡✮ 71

7
− 4 2

14
− 1 2

42
=

❝✮ 62
5
− 4 3

10
− 7

20
= ❢✮ 54

6
− 3 4
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− 2 2
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❛✮
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9
− 2

3
− 1

18
− 12

18
− 2

18
=

❜✮

23
14
− 2

7
− 1

28
− 3

7
− 7

14
− 2

28
=

❝✮

28
4
− 5

8
− 7

2
− 1

4
− 3

8
− 1

2
=

❞✮

14
8
− 3

16
− 2
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8
− 4
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6
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14
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?
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4
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− ?
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?
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❝✮

?
9
− 4
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❛✮

3
5
− 0, 5 = ❡✮ 17

8
− 1, 15

❜✮ 23
4
− 0, 05 = ❢✮ 120

25
− 1, 24

❝✮ 61
2
− 3, 5 = ❣✮
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❞✮ 41
2
− 4, 5 = ❤✮

375
15
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8
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❜✮

7
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− 1, 2 = ❣✮

5
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❞✮ 52
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− 1, 25 = ❤✮ 1 5
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❝✮ ✶✷ · 1
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❞✮ ✶✺ · 2
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=
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5
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8
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❜✮ 18 · 6
3
= ❢✮ 10 · 4

5
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4
3
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7
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5
=
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3
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= ❢✮ 0 · 29

35
=

❝✮

5
2
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3
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3
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−81 ≤ x < −76 96 ≤ x ≤ 115

|a|



✶✳✶✸✳ ◆❛♣✐➨(❡ ❛❜+♦❧✉(♥0 ❤♦❞♥♦(② ❝❡❧5❝❤ ↔0+❡❧✿

✭❩:♣✐+ ③❛❞:♥0 + ❛❜+♦❧✉(♥0♠✐ ❤♦❞♥♦(❛♠✐✿ |2| = 3 ❛ | − 2| = 2✮

❛✮ ✸ ❞✮ −4

❜✮ −6 ❡✮ −58

❝✮ ✶✷ ❢✮ ✶✻

✶✳✶✹✳ ◆❛♣✐➨(❡ ❦ ❞❛♥5♠ ❝❡❧5♠ ↔0+❧➲♠ ↔0+❧♦ (❛❦♦✈E✱ ❦(❡GE ❜✉❞❡ G♦③❞0❧♥E✱ ❛❧❡

❜✉❞❡ ♠0( +(❡❥♥♦✉ ❛❜+♦❧✉(♥0 ❤♦❞♥♦(✉✿

❛✮ ✶✸ ❞✮ −74

❜✮ −12 ❡✮ ✶✹

❝✮ −29 ❢✮ ✽✽

✶✳✶✺✳ ❱②♣✐➨(❡ ✈➨❡❝❤♥❛ ❝❡❧: ↔0+❧❛✱ ❦(❡G: ♠➲➸❡(❡ ❞♦+❛❞✐( ③❛ x (❛❦✱ ❛❜② ♣❧❛(✐❧

✈③(❛❤✿

❛✮ |x| = 3 ❞✮ −4 < |x| < 12

❜✮ |x| ≤ 5 ❡✮ |x| = −7

❝✮ |x| > 4 ❢✮ 7 < |x| < 14

✷✳✷ "♦↔%&'♠❡ * ❝❡❧-♠✐ ↔%*❧②

✷✳✷✳✶ ❙↔%&'♥% ❝❡❧,❝❤ ↔%.❡❧

M♦❦✉❞ +↔0(:♠❡ ↔0+❡❧♥E ❤♦❞♥♦(② +❡ +(❡❥♥5♠✐ ③♥❛♠E♥❦②✱ ❥❡ +♦✉↔❡( ❦❧❛❞♥5❝❤ ↔0✲

+❡❧ ↔0+❧♦ ❦❧❛❞♥E ❛ +♦✉↔❡( ③:♣♦G♥5❝❤ ↔0+❡❧ ❥❡ ↔0+❧♦ ③:♣♦G♥E✳ ❙♦✉↔(❡♠ ❦❧❛❞♥E❤♦

❛ ③:♣♦G♥E❤♦ ↔0+❧❛ ❥❡ ❥❡❥✐❝❤ G♦③❞0❧✱ +❡ ③♥❛♠E♥❦❡♠ (E ❤♦❞♥♦(② + ✈➙(➨0 ❛❜+♦❧✉(♥0

❤♦❞♥♦(♦✉✳

✹✷



✷✳✶✳ ❱②♣♦↔()❡❥)❡ ❛ ♣♦-♦✈♥❡❥)❡ ✈01❧❡❞❦②✿

❛✮ 6 + 7 = (−6) + 7 = 6 + (−7) = (−6) + (−7) =

❜✮ 5 + 10 = (−5) + 10 = 5 + (−10) = (−5) + (−10) =

❝✮ 6 + 12 = (−6) + 12 = 6 + (−12) = (−6) + (−12) =

❞✮ 1 + 4 = (−1) + 4 = 1 + (−4) = (−1) + (−4) =

✷✳✷✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 20 + (−2) = ❡✮ 40 + (−20) =

❜✮ 36 + 48 = ❢✮ (−35) + 15 =

❝✮ (−49) + (−10) = ❣✮ 70 + (−30) =

❞✮ 64 + (−14) = ❤✮ (−90) + (−45) =

✷✳✸✳ ❱②♣♦↔()❡❥)❡✿

❛✮ (−100) + 60 = ❡✮ 48 + (−82) =

❜✮ (−39) + (−28) = ❢✮ 91 + (−101) =

❝✮ (−56) + (−21) = ❣✮ 126 + (−13) =

❞✮ (−67) + 13 = ❤✮ (−65) + 125 =

✷✳✹✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 155 + (−55) = ❡✮ 626 + (−222) =

❜✮ (−189) + 89 = ❢✮ (−417) + 17 =

❝✮ (−326) + 126 = ❣✮ (−863) + 331 =

❞✮ (−383) + 383 = ❤✮ 200 + (−143) =

✹✸



✷✳✺✳ ❱②♣♦↔()❡❥)❡✿

❛✮ (−348) + 164 = ❡✮ 780 + (−230) =

❜✮ 500 + (−93) = ❢✮ (−456) + (−321) =

❝✮ 683 + (−141) = ❣✮ (−281) + (−319) =

❞✮ (−956) + (−44) = ❤✮ 623 + (−243) =

✷✳✻✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 24 + (−14) + (−10) = ❡✮ 18 + (−36) + 16 =

❜✮ (−38) + 12 + 26 = ❢✮ (−49) + 31 + 18 =

❝✮ 64 + (−32) + 32 = ❣✮ 78 + (−38) + (−50) =

❞✮ (−12) + (−18) + 30 = ❤✮ (−96) + 73 + 23 =

✷✳✼✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 28 + (−12) + 46 = ❡✮ 47 + (−23) + (−54) =

❜✮ (−17) + (−13) + 28 = ❢✮ (−18) + 41 + (−46) =

❝✮ 29 + 46 + (−35) = ❣✮ 59 + (−25) + 16 =

❞✮ (−38) + 14 + (−44) = ❤✮ 68 + (−14) + (−26) =

✷✳✽✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 96 + (−38) + (−38) = ❡✮ 782 + (−241) + (−325) =

❜✮ (−268) + 342 + (−64) = ❢✮ (−954) + (−468) + 549 =

❝✮ 343 + (−121) + 222 = ❣✮ (−734) + 625 + 218 =

❞✮ (−426) + 523 + (−107) = ❤✮ 654 + (−322) + 332 =

✹✹



✷✳✾✳❱②♣♦↔()❡❥)❡✿

❛✮ [(−8) + 13 + 5] + [10 + (−5) + 15] =

❜✮ [13 + (−23) + 6] + [16 + (−8) + (−12)] =

❝✮ [(−15) + (−10) + 7] + [24 + (−16) + 10] =

❞✮ [18 + (−15) + 10] + [(−9) + (−18) + 14] =

❡✮ [57 + (−63) + 39] + [16 + (−36) + (−42)] =

❢✮ [68 + (−24) + 12] + [(−36) + (−18) + 49] =

✷✳✶✵✳ ❱②♣♦↔()❡❥)❡✿

❛✮ (−19) + 21 + (−4) + 10 + (−28) =

❜✮ 17 + (−23) + 42 + 28 + 53 =

❝✮ 42 + (−24) + 18 + (−46) + 20 =

❞✮ 39 + (−15) + 26 + 45 + (−15) =

❡✮ 74 + (−34) + 55 + (−15) + 24 =

❢✮ (−16) + 28 + (−36) + 56 + (−12) =

✷✳✶✶✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 293 + (−14) = ❡✮ |176|+ (−342) =

❜✮ 368 + | − 62| = ❢✮ (−632) + | − 468| =

❝✮ (−258) + | − 42| = ❣✮ (−572) + 231 =

❞✮ (−468) + 234 = ❤✮ (−458) + (−130) =

✷✳✶✷✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 78 + 14 + (−24) = ❡✮ |198|+ (−24) + | − 34| =

❜✮ 96 + (−23) + | − 13| = ❢✮ 365 + | − 25|+ (−30) =

❝✮ 66 + |49|+ (−25) = ❣✮ 269 + (−34) + | − 5| =

❞✮ 84 + 16 + (−45) = ❤✮ 454 + (−50) + |49| =

✹✺



✷✳✶✸✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ 758 + | − 12|+ (−35) = ❡✮ 493 + | − 47|+ (−40) =

❜✮ 246 + | − 24|+ (−65) = ❢✮ 513 + |77|+ (−45) =

❝✮ 373 + | − 33|+ (−6) = ❣✮ 633 + | − 29|+ (−12) =

❞✮ 426 + | − 29|+ 45 = ❤✮ 985 + | − 23|+ (−68) =

✷✳✶✹✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ | − 8|+ 210 + (−312) = ❡✮ 356 + | − 14|+ 26 =

❜✮ 150 + | − 15|+ (−426) = ❢✮ 758 + | − 62|+ (−653) =

❝✮ | − 18|+ (−120) + 36 = ❣✮ | − 846|+ 64 + (−50) =

❞✮ 182 + | − 8|+ (−45) = ❤✮ 956 + | − 144|+ (−285) =

✷✳✶✺✳❙❡↔*➙*❡ ❛ ✈;<❧❡❞❦② <❡➦❛↕*❡ ❞❧❡ ✈❡❧✐❦♦<*✐ ✈③❡<*✉♣♥➙✿

❛✮ (−10) + 18 + | − 2|+ (−29) =

❜✮ |48|+ | − 19|+ (−21) + 12 =

❝✮ 39 + | − 14|+ (−15) + |42| =

❞✮ (−17) + | − 7|+ (−29) + | − 9| =

✷✳✷✳✷ ❖❞↔%&'♥% ❝❡❧,❝❤ ↔%.❡❧

❈❡❧F ↔)<❧❛ ♦❞↔)*F♠❡ *❛❦✱ ➸❡ *✉*♦ ♦♣❡J❛❝✐ ♣➦❡✈❡❞❡♠❡ ♥❛ <↔)*F♥)✱ ♥❡❜♦➫ ♦❞❡↔)<*

↔)<❧♦ ❥❡ <*❡❥♥L ❥❛❦♦ ♣➦✐↔)<* ↔)<❧♦ ❥❡♠✉ ♦♣❛↔♥L✳

✭♥❛♣➦✳✿ (−10) + (−4) = (−10) + (−4) = −14✮

✹✻



✷✳✶✻✳ ❱②♣♦↔)*❡❥*❡ ❛ ♣♦.♦✈♥❡❥*❡ ✈12❧❡❞❦②✿

❛✮ 12− 4 = (−12)− 4 = 12− (−4) = (−12)− (−4) =

❜✮ 16− 6 = (−16)− 6 = 16− (−6) = (−16)− (−6) =

❝✮ 10− 8 = (−10)− 8 = 10− (−8) = (−10)− (−8) =

❞✮ 24− 12 = (−24)− 12 = 24− (−12) = (−24)− (−12) =

✷✳✶✼✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ 19− 3 = ❡✮ 16− 5 =

❜✮ 23− (−5) = ❢✮ (−12)− (−6) =

❝✮ (−25)− 7 = ❣✮ 34− 12 =

❞✮ 19− (−8) = ❤✮ (−29)− 9 =

✷✳✶✽✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ 28− 16 = ❡✮ (−66)− 33 =

❜✮ (−36)− 14 = ❢✮ (−126)− (−48) =

❝✮ (−49)− (−35) = ❣✮ (−166)− 324 =

❞✮ 78− (−22) = ❤✮ 258− (−142) =

✷✳✶✾✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ 54− (−45) = ❡✮ (−256)− 324 =

❜✮ 96− 56 = ❢✮ (−587)− (−652) =

❝✮ (−78)− 69 = ❣✮ 789− (−244) =

❞✮ 105− (−228) = ❤✮1028− (−322) =

✹✼



✷✳✷✵✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 346− (−124) = ❡✮ (−457)− (−563) =

❜✮ (−421)− 179 = ❢✮ 687− (−473) =

❝✮ 654− (−124) = ❣✮ 698− 783 =

❞✮ 478− 127 = ❤✮ (−879)− (−974) =

✷✳✷✶✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 19− (−21)− 23 = ❡✮ 6− (−19)− 29 =

❜✮ 10− 16− (−34) = ❢✮ (−18)− 26− (−32) =

❝✮ (−8)− 14− 18 = ❣✮ 26− 16− (−32) =

❞✮ 23− (−12)− 15 = ❤✮(−15)− 17− 28 =

✷✳✷✷✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 49− 14− (−35) = ❡✮ 56− 24− (−22) =

❜✮ 19− (−13)− 48 = ❢✮ 63− (−21)− 42 =

❝✮ 41− (−22)− (−13) = ❣✮ (−76)− (−88)− (−38) =

❞✮ 59− (−41)− 55 = ❤✮ (−89)− (−92)− 23 =

✷✳✷✸✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 24− 35− (−48)− 17 = ❡✮ 98− 56− (−78)− (−65) =

❜✮ 15− (−51)− 34− (−64) = ❢✮ −87− (−65)− 48− (−56) =

❝✮ −54− (−32)− 56− 78 = ❣✮ 78− (−45)− (−57)− 65 =

❞✮ −(−56)− 45− (−78)− 96 = ❤✮ 24− (−57)− 32− (−37) =

✹✽



✷✳✷✹✳ ❱②♣♦↔()❡❥)❡✿

❛✮ (−80)− (−120)− 241− (−13) = ❡✮ −(−458)− 521− (−324)− 248 =

❜✮ −(−109)− 98− (−32)− 64 = ❢✮ 897− 524− (−234)− 148 =

❝✮ (−158)− 237− (−341)− 124 = ❣✮ 1002− 248− (−234)− 524 =

❞✮ 589− 214− (−128)− (−254) = ❤✮ 1024− 248− (−547)− 624 =

✷✳✷✺✳ ❱②♣♦↔()❡❥)❡✿

❛✮ [16− 18− (−13)]− (16− 15) =

❜✮ [(−16)− 11− 13]− [(−17)− 13] =

❝✮ [14− (−13)− 17]− (12− 6) =

❞✮ [12− 18− (−15)]− [(−13)− 11] =

❡✮ [14− 23− (−21)]− [(−25)− 32] =

❢✮ [23− (−56)− 27]− (27− 37) =

❣✮ [56− 47− (−78)]− [(−17)− 57] =

❤✮ [(−64)− 54− (−68)]− (57− 67) =

✷✳✷✻✳ ❱②♣♦↔()❡❥)❡✿

❛✮ [120− 365− (−291)]− [(−136)− 132− 114] =

❜✮ [(−216)− 112− 102]− [224− (−115)− 204] =

❝✮ [274− (−66)− 245]− [(−326)− (−124)− 198] =

❞✮ [(−328)− 124− (−129)]− [(−239)− 124− (−49)] =

❡✮ [(−312)− 245− (−128)]− [236− 157− 357] =

❢✮ [526− 324− (−127)]− [(−248)− 235− 187] =

❣✮ [784− 326− (−547)]− [587− 215− (−453)] =

❤✮ [(−425)− 632− (−127)]− [(−457)− 587− 632] =

✹✾



✷✳✷✼✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 124− (−12) = ❡✮ 214− (−126) =

❜✮ 164− | − 24| = ❢✮ | − 117| − | − 45| =

❝✮ (−98)− |36| = ❣✮ 98− | − 158| =

❞✮ | − 128| − 39 = ❤✮ 214− (−45) =

✷✳✷✽✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 248− 126 = ❡✮ 427− (−246) =

❜✮ 234− | − 247| = ❢✮ 456− |457| =

❝✮ |238| − 154 = ❣✮ | − 593| − | − 452| =

❞✮ 326− |457| = ❤✮ 678− (−| − 247|) =

✷✳✷✾✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 23− | − 31| − (−29) = ❡✮ 16− | − 32| − (−24) =

❜✮ (−14)− 25− | − 13| = ❢✮ (−34)− | − 26| − 14 =

❝✮ 24− | − 34| − | − 56| = ❣✮ 35− | − 27| − (−38) =

❞✮ | − 26| − | − 45| − (−26) = ❤✮ (−42)− | − 12| − (−52) =

✷✳✸✵✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 102− (−56)− | − 64| = ❡✮ (−345)− | − 153| − 128 =

❜✮ | − 124| − 41− (−124) = ❢✮ 459− | − 267| − (−248) =

❝✮ (−132)− | − 34| − 124 = ❣✮ (−543)− | − 457| − (−987) =

❞✮ | − 341| − 226− (−42) = ❤✮ 754− | − 457| − 236 =

✺✵



✷✳✷✳✸ ◆$%♦❜❡♥* ❝❡❧-❝❤ ↔*%❡❧

 ♦❦✉❞ ♥&'♦❜)♠❡ ❞✈➙ ❦❧❛❞♥& ♥❡❜♦ ❞✈➙ ③&♣♦2♥& ↔)'❧❛✱ ❥❡ ✈6'❧❡❞❡❦ ✈➸❞② ❦❧❛❞♥6✳

 ♦❦✉❞ ♥&'♦❜)♠❡ ❧✐❝❤6 ♣♦↔❡= ③&♣♦2♥6❝❤ ↔✐♥✐=❡❧➲✱ ❥❡ ✈6'❧❡❞❡❦ ③&♣♦2♥6✳ ◆&'♦❜)♠❡✲

❧✐ ↔✐♥✐=❡❧ ♥✉❧♦✉✱ ✈6'❧❡❞❦❡♠ ❥❡ ♥✉❧❛✳ ◆&'♦❜)♠❡✲❧✐ ↔)'❧♦ ↔)'❧❡♠ −1✱ ✈6'❧❡❞❦❡♠ ❥❡

↔)'❧♦ ♦♣❛↔♥A✳

✷✳✸✶✳ ❱②♣♦↔)=❡❥=❡ ❛ ♣♦2♦✈♥❡❥=❡ ✈6'❧❡❞❦②✿

❛✮ 3 · 9 = (−3) · 9 = 3 · (−9) = (−3) · (−9) =

❜✮ 6 · 6 = (−6) · 6 = 6 · (−6) = (−6) · (−6) =

❝✮ 4 · 8 = (−4) · 8 = 4 · (−8) = (−4) · (−8) =

❞✮ 24 · 12 = (−24) · 12 = 24 · (−12) = (−24) · (−12) =

✷✳✸✷✳ ❱②♣♦↔)=❡❥=❡✿

❛✮ 14 · 4 = ❡✮ (−24) · 8 =

❜✮ 17 · (−5) = ❢✮ 36 · (−6) =

❝✮ 19 · (−10) = ❣✮ (−48) · (−2) =

❞✮ (−16) · 0 = ❤✮ (−52) · (−6) =

✷✳✸✸✳ ❱②♣♦↔)=❡❥=❡✿

❛✮ (−54) · (−3) = ❡✮ 17 · (−114) =

❜✮ (−64) · 12 = ❢✮ 219 · 32 =

❝✮ (−125) · 15 = ❣✮ (−258) · (−40) =

❞✮ 103 · (−20) = ❤✮ 312 · (−50) =

✺✶



✷✳✸✹✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ 420 · (−20) = ❡✮ 670 · (−5) =

❜✮ 520 · (−4) = ❢✮ 450 · (−10) =

❝✮ (−500) · (−25) = ❣✮ (−650) · (−10) =

❞✮ (−620) · (−30) = ❤✮ (−780) · (−50) =

✷✳✸✺✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ (−4) · 6 · (−8) = ❡✮ 7 · (−3) · (−5) =

❜✮ 12 · (−2) · (−6) = ❢✮ 15 · (−5) · 20 =

❝✮ (−6) · (−5) · (−10) = ❣✮ (−8) · (−8) · (−3) =

❞✮ (−4) · (−12) · 6 = ❤✮ (−20) · (−3) · (−8) =

✷✳✸✻✳ ❯9↔❡*❡ ③♥❛♠=♥❦♦ ✈@A❧❡❞❦✉ ❛ ✈②♣♦↔)*❡❥*❡✿

❛✮ (−7) · (−3) · 3 =

❜✮ (−6) · (−1) · (−2) · 1 =

❝✮ (−8) · (−1) · (−4) · (−1) =

❞✮ (−1) · (−1) · (−1) · (−1) · (−25) =

❡✮ (−1) · (−1) · (−2) · (−1) · (−2) · (−40) =

❢✮ (−1) · (−2) · (−1) · (−1) · (−2) · (−1) · (−42) =

❣✮ (−1) · (−1) · (−2) · (−2) · (−1) · (−2) · (−1) · (−90) =

❤✮ (−1) · (−1) · (−2) · (−2) · (−1) · (−2) · (−1) · (−2) · (−1) · (−2) · (−10) =

✷✳✸✼✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ | − 3| · 15 = ❡✮ 18 · (−6) =

❜✮ (−6) · | − 12| = ❢✮ | − 22| · 18 =

❝✮ (−7) · | − 4| = ❣✮ 23 · |12| =

❞✮ |16| · | − 20| = ❤✮ | − 15| · |25| =

✺✷



✷✳✸✽✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ 418 · | − 22| = ❡✮ |630| · | − 20| =

❜✮ | − 513| · (−15) = ❢✮ (−405) · | − 124| =

❝✮ (−580) · | − 25| = ❣✮ |688| · (−108) =

❞✮ | − 633| · | − 30| = ❤✮ (−777) · | − 170| =

✷✳✸✾✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ 18 · | − 3| · 20 = ❡✮ | − 36| · (−28) · | − 33| =

❜✮ 20 · | − 13| · (−16) = ❢✮ | − 28| · (−32) · | − 9| =

❝✮ (−25) · | − 6| · (−22) = ❣✮ 15 · (−23) · | − 38| =

❞✮ 36 · |12| · | − 24| = ❤✮ | − 27| · (−3) · | − 7| =

✷✳✹✵✳ ◆❛❧❡③♥➙*❡ *❛❦♦✈@ ❝❡❧@ ↔)A❧♦✱

❛✮ ❦*❡C@ ❥❡ ♣➙❦CD* ✈➙*➨) ♥❡➸ ♠)♥✉A ➨❡A*

❜✮ ❦*❡C@ ❥❡ ♦A♠❦CD* ✈➙*➨) ♥❡➸ ♠)♥✉A ❞✈❛♥D❝*

❝✮ ❦*❡C@ ❥❡ ❞❡A❡*❦CD* ✈➙*➨) ♥❡➸ ♠)♥✉A ♦A♠

❞✮ ❦*❡C@ ❥❡ ♠)♥✉A A❡❞♠❦CD* ✈➙*➨) ♥❡➸ ❞✈❛♥D❝*

❡✮ ❦*❡C@ ❥❡ ♠)♥✉A ❞✈❛❝❡*❦CD* ✈➙*➨) ♥❡➸ ➨❡❞❡AD* *➦✐

❢✮ ❦*❡C@ ❥❡ ❞✈❛♥D❝*❦CD* ✈➙*➨) ♥❡➸ ♣❛❞❡AD* ♦A♠

❣✮ ❦*❡C@ ❥❡ ♠)♥✉A ➨❡A*♥D❝*❦CD* ✈➙*➨) ♥❡➸ ♠)♥✉A ❞❡✈❛*❡♥D❝*

❤✮ ❦*❡C@ ❥❡ ↔*②➦✐❝❡* ♣➙*❦CD* ✈➙*➨) ♥❡➸ ♠)♥✉A ❥❡❞❡♥D❝*❦CD*

✺✸



✷✳✷✳✹ ❉➙❧❡♥( ❝❡❧*❝❤ ↔(-❡❧

 ♦❦✉❞ ❞➙❧'♠❡ ❞✈➙ ❦❧❛❞♥- ♥❡❜♦ ❞✈➙ ③-♣♦1♥- ↔'3❧❛✱ ❥❡ ✈63❧❡❞❡❦ ✈➸❞② ❦❧❛❞♥6✳

 ♦❦✉❞ ❥❡ ❥❡❞♥♦ ↔'3❧♦ ③-♣♦1♥:✱ ❥❡ ✈63❧❡❞❡❦ ③-♣♦1♥6✳  ♦❦✉❞ ❞➙❧'♠❡ ♥✉❧✉ ❥❛❦6♠✲

❦♦❧✐✈ ↔'3❧❡♠✱ ❥❡ ✈63❧❡❞❡❦ ♥✉❧❛✱ ♥✉❧♦✉ ❞➙❧✐= ♥❡❧③❡✳ ❉➙❧'♠❡✲❧✐ ↔'3❧♦

↔'3❧❡♠ −1✱ ✈63❧❡❞❦❡♠ ❥❡ ↔'3❧♦ ♦♣❛↔♥:✳

✷✳✹✶✳ ❱②♣♦↔'=❡❥=❡ ❛ ♣♦1♦✈♥❡❥=❡ ✈63❧❡❞❦②✿

❛✮ 9 : 3 = (−9) : 3 = 9 : (−3) = (−9) : (−3) =

❜✮ 36 : 6 = (−36) : 6 = 36 : (−6) = (−36) : (−6) =

❝✮ 72 : 8 = (−72) : 8 = 72 : (−8) = (−72) : (−8) =

❞✮ 108 : 12 = (−108) : 12 = 108 : (−12) = (−108) : (−12) =

✷✳✹✷✳ ❱②♣♦↔'=❡❥=❡ ❛ ♣1♦✈❡↕=❡ ③❦♦✉➨❦✉ ♥-3♦❜❡♥'♠✿

❛✮ 27 : (−3) = ❡✮ 42 : (−7) =

❜✮ 40 : (−5) = ❢✮ (−89) : (−9) =

❝✮ (−56) : 8 = ❣✮ (−1000) : 100 =

❞✮ (−49) : (−7) = ❤✮ (−435) : 0 =

✷✳✹✸✳ ❱②♣♦↔'=❡❥=❡ ❛ ♣1♦✈❡↕=❡ ③❦♦✉➨❦✉ ♥-3♦❜❡♥'♠✿

❛✮ (−345) : 5 = ❡✮ (−3120) : (−8) =

❜✮ (−624) : 2 = ❢✮ 1035 : (−3) =

❝✮ 448 : (−8) = ❣✮ (−1764) : (−7) =

❞✮ (−1908) : (−6) = ❤✮ (−4116) : (−6) =

✺✹



✷✳✹✹✳ ❱②♣♦↔()❡❥)❡ ❛ ♣-♦✈❡↕)❡ ③❦♦✉➨❦✉ ♥56♦❜❡♥(♠✿

❛✮ 345 : (−15) = ❡✮ (−468) : (−52) =

❜✮ 276 : (−12) = ❢✮ (−528) : (−11) =

❝✮ (−294) : (−14) = ❣✮ 819 : (−13) =

❞✮ 256 : (−32) = ❤✮ (−1566) : 18 =

✷✳✹✺✳ ❱②♣♦↔()❡❥)❡ ❛ ♣-♦✈❡↕)❡ ③❦♦✉➨❦✉ ♥56♦❜❡♥(♠✿

❛✮ [(−364) : 4] : (−7) = ❡✮ [(−2232) : 8] : 3 =

❜✮ [656 : (−8)] : (−2) = ❢✮ [5616 : (−4)] : (−6) =

❝✮ [(−936) : (−9)] : 4 = ❣✮ [1624 : (−7)] : 8 =

❞✮ [(−1128) : 8] : (−3) = ❤✮ [(−21924) : 9] : 12 =

✷✳✹✻✳ ❱②♣♦↔()❡❥)❡ ❛ ♣-♦✈❡↕)❡ ③❦♦✉➨❦✉ ♥56♦❜❡♥(♠✿

❛✮ (−336) : | − 3| = ❡✮ (−396) : | − 9| =

❜✮ |784| : (−4) = ❢✮ | − 520| : (−8) =

❝✮ (−655) : | − 5| = ❣✮ 468 : (−6) =

❞✮ | − 315| : | − 7| = ❤✮ | − 715| : | − 11| =

✷✳✹✼✳ ❱②♣♦↔()❡❥)❡ ❛ ♣-♦✈❡↕)❡ ③❦♦✉➨❦✉ ♥56♦❜❡♥(♠✿

❛✮ (−527) : | − 17| = ❡✮ | − 630| : 42 =

❜✮ 598 : | − 26| = ❢✮ 1248 : (−52) =

❝✮ | − 551| : 19 = ❣✮ 3744 : | − 36| =

❞✮ (−864) : | − 24| = ❤✮ | − 2133| : (−79) =

✺✺



✷✳✹✽✳ ❱②♣♦↔)*❡❥*❡ ❛ ♣.♦✈❡↕*❡ ③❦♦✉➨❦✉ ♥67♦❜❡♥)♠✿

❛✮ 432 : | − 12| = ❡✮ | − 864| : 24 =

❜✮ | − 644| : (−28) = ❢✮ −| − 624| : (−12) =

❝✮ 720 : | − 18| = ❣✮ (−1188) : | − 18| =

❞✮ (−900) : | − 15| = ❤✮ | − 1920| : | − 24| =

✷✳✹✾✳ ❱②♣♦↔)*❡❥*❡ ❛ ♣.♦✈❡↕*❡ ③❦♦✉➨❦✉ ♥67♦❜❡♥)♠✿

❛✮ (96 : 2) : (−6) = ❡✮ 432 : [(−36) : 6] =

❜✮ [(−150) : 5] : 3 = ❢✮ (−210) : | − 6| : | − 7| =

❝✮ 72 : (−4) : (−2) = ❣✮ | − 105| : (−5) : (−3) =

❞✮ [(−180) : (−5)] : 3 = ❤✮ [(−720) : | − 10|] : 6 =

✷✳✺✵✳ ◆❛❧❡③♥➙*❡ *❛❦♦✈G ❝❡❧G ↔)7❧♦✱

❛✮ ❦*❡.G ❥❡ ♣➙* ❦.6* ♠❡♥➨) ♥❡➸ ♠)♥✉7 ➨❡❞❡76*

❜✮ ❦*❡.G ❥❡ ♦7♠ ❦.6* ♠❡♥➨) ♥❡➸ ♠)♥✉7 7❡❞♠❞❡76* ❞✈❛

❝✮ ❦*❡.G ❥❡ ❞❡7❡* ❦.6* ♠❡♥➨) ♥❡➸ ♠)♥✉7 ♦7♠❞❡76*

❞✮ ❦*❡.G ❥❡ ♠)♥✉7 7❡❞♠ ❦.6* ♠❡♥➨) ♥❡➸ ↔*.♥6❝*

❡✮ ❦*❡.G ❥❡ ♠)♥✉7 ❞✈❛❝❡* ❦.6* ♠❡♥➨) ♥❡➸ ➨❡❞❡76*

❢✮ ❦*❡.G ❥❡ ❞✈❛♥6❝*❦.6* ❦.6* ♠❡♥➨) ♥❡➸ ↔*②➦✐❝❡* ♦7♠

❣✮ ❦*❡.G ❥❡ ♠)♥✉7 ➨❡7*♥6❝* ❦.6* ♠❡♥➨) ♥❡➸ ♠)♥✉7 7*♦ ➨❡❞❡76* ↔*②➦✐

❤✮ ❦*❡.G ❥❡ ↔*②➦✐❝❡* ♣➙* ❦.6* ♠❡♥➨) ♥❡➸ ♠)♥✉7 7*♦ ♦7♠❞❡76*

✺✻



✷✳✸ ❈♦ ✉➸ ✈(♠❡ ✲ ❈❡❧- ↔(/❧❛

✸✳✶✳ ❱②♣♦↔()❡❥)❡✿

❛✮ | − 3| · 12 + (−20) = ❡✮ | − 4| · 48− 52 =

❜✮ 7 · | − 17| − (−36) = ❢✮ (−12) · | − 52|+ 312 =

❝✮ (−9) · | − 21|+ 40 = ❣✮ | − 17| · (−86) + (−462) =

❞✮ 8 · | − 65| − (−120) = ❤✮ (−9) · | − 28|+ 136 =

✸✳✷✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 42 : (−3) + (−90) : 5 = ❡✮ 12 · (−13) + 28 : | − 2| =

❜✮ (−56) : | − 2|+ 96 : 3 = ❢✮ (−17) · 11− (−78) : 13 =

❝✮ 116 : (−4)− (−204) : 6 = ❣✮ 16 · (−21) + (−672) : 32 =

❞✮ (−364) : (−7)− 296 : | − 8| = ❤✮ 19 · | − 8| − 364 : | − 13| =

✸✳✸✳ ❱②♣♦↔()❡❥)❡✿

❛✮ (16 · 4− 12) : 4 = ❡✮ [(−13) · 7 + 41] : 10 =

❜✮ (21 · 3 + 105) : 7 = ❢✮ [17 · (−4)− 52] : 30 =

❝✮ (19 · 5 + 95) : 5 = ❣✮ [(−23) · 6 + 38] : 25 =

❞✮ (26 · 9− 10) : 4 = ❤✮ [31 · (−8)− 8] : 16 =

✸✳✹✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 14 · (−2) + [(−25) + 15] = ❡✮ 24− [12 + (−8)] : 2 =

❜✮ 4 · (−7) + [96 : (−8)] = ❢✮ 7 · (−22) + [(−350) : 25] =

❝✮ 81 : (−9)− [(−3) + 17] = ❣✮ 36 + [(−192) : 8 + (−14)] =

❞✮ 10 + [28− (−7)] · 15 = ❤✮ 5 · 16− [480 : (−12) + (−20)] =

✺✼



✸✳✺✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 17 + (−2)− 15 + (−23) = ❡✮ 12 + (−14)− (−22)− (−13) =

❜✮ 29− (−11) + (−25) + 12 = ❢✮ (−7)− (−13) + (−12) + 17 =

❝✮ (−13) + 23− 17 + 16 = ❣✮ 24 + (−12)− 6 + 33 =

❞✮ 24 + 17− 21 + (−7) = ❤✮ (−18)− 12− (−22) + 21 =

✸✳✻✳ ❱②♣♦↔()❡❥)❡✿

❛✮ (12 · 7− 7 · 6) : (−6) = ❡✮ (14 · 3− 3 · 35) : (−7) =

❜✮ [13 · (−5)− 6 · (−5)] : (−5) = ❢✮ [(−15) · 3− (−3) · 25] : 6 =

❝✮ (−12) · [6− 36 : (−3)] = ❣✮ (−18) : 6− (26 · 9 : 3) =

❞✮ (−17) · (7− 42 : (−6)] = ❤✮ [12− 18 · (−4)] : [3 · (−7)] =

✸✳✼✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 7 · (−12)− (−156) : (−12) = ❡✮ 11 · (−26) + 598 : (−26) =

❜✮ (−4) · (−16) + (−192) : (−16) = ❢✮ 13 · (−28) + 560 : (−28) =

❝✮ 3 · (−18)− 396 : (−18) = ❣✮ ✷✸ ·(−8)− 828 : (−36) =

❞✮ 9 · (−24) + (−504) : (−24) = ❤✮ (−17) · 5− (−425) : 17 =

✸✳✽✳ ❱②♣♦↔()❡❥)❡✿

❛✮ [396 + (−156)] : [324 + (−204)] =

❜✮ [458 + (−246)] : [126 + (−122)] =

❝✮ [658 + (−(426)] : [14 + (−6)] =

❞✮ [758− 212] : [171 + (−129)] =

❡✮ [679 + (−423)] : [776 + (−712)] =

❢✮ [579 + (−363)] : [381− 369] =

❣✮ [845− (−123)] : [326− 318] =

❤✮ [(−1238)− 242] : (−286) + 326] =

✺✽



✸✳✾✳ ❱②♣♦↔()❡❥)❡✿

❛✮ [64− 13− (−12)] : [21− (−13)− 41] =

❜✮ [(−78)− 21− 36] : [27− 14− (−2)] =

❝✮ [19− 72− (−26)] · [27− 14− 33] =

❞✮ [76− 26− (−22)] : [26− 36− (−22)] =

❡✮ [86− (−42)− 12] : [29− (−11)− 44] =

❢✮ [96− 69− | − 18|] · [67− 24− | − 35|] =

❣✮ [96− (−48)− 124] · [102− 148− (−26)] =

❤✮ [(−105)− (−65)− (−42)] · [(−104)− (−23)− (−48)] =

✸✳✶✵✳ ❩❥✐9)➙)❡✱ ③❞❛ ♣❧❛)(✿

❛✮ (−4) · 12 > (−16) · 20

❜✮ (−29) + (−31) < (−44)− (−36)

❝✮ 17− (−23) > (−170) : 17

❞✮ (−21) + (−25) < (−12)− (−14)

❡✮ 18− (−32) > (−12) + (−14)

❢✮ 2 · (−12) < (−14) + 28

✸✳✶✶✳ ❱ ♣✐③③❡>✐✐ ❙❧✉♥❝❡ ♠❛❥( ③C❦❧❛❞ ✈ ♣♦❦❧❛❞♥➙ ✶ ✹✵✵✱✲ ❑↔✳ I➦❡9 ♦❜➙❞② ♠➙❧✐

❞♦9)✐ ♦❜❥❡❞♥C✈❡❦ ❛ ❞♦ ❦❛9② ♣➦✐❜②❧♦ ✸ ✻✷✽✱✲❑↔✳ ❖❞♣♦❧❡❞♥❡ ♣➦✐✈❡③❧ ❞♦❞❛✈❛)❡❧

③❜♦➸( ✈ ❤♦❞♥♦)➙ ✸ ✷✹✷✱✲ ❑↔✳ ❑ ✈❡↔❡>✉ ❜②❧♦ ❥❡➨)➙ ♣♦)➦❡❜❛ ❞♦❦♦✉♣✐) ❞>♦❜♥♦9)✐ ✈

❤♦❞♥♦)➙ ✹✷✻✱✲❑↔✳ ❖❞ ♣♦9❧❡❞♥(❤♦ 9↔()C♥( )>➸❜② ♣➦✐❜②❧♦ ❞♦ ♣♦❦❧❛❞♥② ✹ ✶✻✻✱✲❑↔✳

❛✮ ❑♦❧✐❦ ❜②❧♦ ✈❡↔❡> ✈ ♣♦❦❧❛❞♥➙ ♣❡♥➙③❄

❜✮ ❑♦❧✐❦ ♠➙❧❛ ♣✐③③❡>✐❡ )>➸❜✉ ③❛ ❞❡♥❄

❝✮ ❑♦❧✐❦ ③❛♣❧❛)✐❧✐ ③❛ ♥C❦✉♣②❄

✸✳✶✷✳ ❱ ❜>③❦R❝❤ >❛♥♥(❝❤ ❤♦❞✐♥C❝❤ ♥❛♠➙➦✐❧✐ ◆♦✈C❦♦✈✐ )❡♣❧♦)✉ −1 ➦❈✳ ❱ ♣♦✲

❧❡❞♥❡ ♥❛♠➙➦✐❧✐ )❡♣❧♦)✉ ♦ ✻ ➦❈ ✈②➨➨( ❛ ❞♦ ✶✾✿✵✵ )❡♣❧♦)❛ ❦❧❡9❧❛ ♦ ✺ ➦❈✳ ❏❛❦W

)❡♣❧♦)② ♥❛♠➙➦✐❧✐ ✈ ♣♦❧❡❞♥❡ ❛ ✈❡↔❡>❄

✺✾



✸✳✶✸✳ ❋✐❧✐♣ ' ❆♥✐↔❦♦✉ ✈②❥❡❧✐ '❡ ➨❦♦❧♦✉ ♥❛ ✈4❧❡5✳ ▼❛♠✐♥❦❛ ❞❛❧❛ ❦❛➸❞:♠✉

✶✽✵✱✲ ❑↔✳ ❈❡'5❛ ✈❧❛❦❡♠ '5A❧❛ ❦❛➸❞:❤♦ ➸A❦❛ ✻✵✱✲❑↔ ❛ ✈'5✉♣ ♥❛ ③A♠❡❦ '5A❧

❦❛➸❞:❤♦ ➸A❦❛ ✹✵✱✲❑↔✳ F♦5♦♠ '❡ '5❛✈✐❧✐ ✈ ❦GA♠❦✉ '❡ '✉✈❡♥4G②✱ ❛❜② ❦♦✉♣✐❧✐

♥➙❝♦ ♣G♦ G♦❞✐↔❡✳ ❋✐❧✐♣ '✐ ✈②❜G❛❧ ✈➙❝✐ ③❛ ✶✵✵✱✲ ❑↔✱ ♣♦❦✉❞ ♠✉ ♣G4 ❜✉❞❡ ❝❤②❜➙5✱

♣➲❥↔L '✐ ♦❞ ♥➙❦5❡G:❤♦ '♣♦❧✉➸A❦❛ ♣❡♥L③❡✳ ❆♥✐↔❦❛ '✐ ✈②❜G❛❧❛ '✉✈❡♥4G② ③❛ ✼✺✱✲❑↔✳

❑♦❧✐❦ ♣❡♥➙③ ♠➙❧ ❦❛➸❞4✱ ❦❞②➸ '❡ ✈GA5✐❧✐ ❞♦♠➲❄

✸✳✶✹✳ F❛♥ ■✈♦ '✐ ♦❞ '❡'5G② ♣➲❥↔✐❧ ✾✵ ✵✵✵✱✲ ❑↔ ♥❛ ❦♦✉♣✐ ♥♦✈:❤♦ ❛✉5❛✳ ❙♣♦✲

❧❡↔♥➙ '❡ ❞♦❤♦❞❧✐ ♥❛ ♠➙'L↔♥L❝❤ '♣❧A5❦A❝❤ ✸✼✺✵✱✲ ❑↔✳ F❛♥ ■✈♦ '❡'5➦❡ '❧L❜✐❧✱ ➸❡

③❛ ❥❡❥L G②❝❤❧♦✉ ♣♦♠♦❝ ✉❤G❛❞L ♦ ✸ ♠➙'L↔♥L '♣❧A5❦② ✈L❝❡✳ ◆♦✈: ❛✉5♦ '5A❧♦ ✶✷✺

✵✵✵✱✲ ❑↔✳ F❛♥ ■✈♦ ♠➙❧ ♥❛ '✈:♠ ❜❛♥❦♦✈♥L♠ V↔5✉ ♣➦❡❞ ✈4♣❧❛5♦✉ ✸✵ ✵✵✵✱✲ ❑↔✳

❑♦❧✐❦ ❦♦G✉♥ ③❜②❞❡ ♥❛ ❥❡❤♦ ❜➙➸♥:♠ V↔5✉ ♣♦ ❦♦✉♣✐ ✈♦③✉❄ ❇✉❞❡ ♠✉'❡5 ↔❡G♣❛5

'❝❤✈A❧❡♥4 ❦♦♥5♦❦♦G❡♥5 ✈❡ ✈4➨✐ ✲✶✵ ✵✵✵✱✲ ❑↔❄ ❑♦❧✐❦ ♠➙'L❝➲ ❜✉❞❡ '✈: '❡'5➦❡

'♣❧A❝❡5 ♣➲❥↔❦✉❄ ❏❛❦4 ❜✉❞❡ ♠L5 ③➲'5❛5❡❦ ♥❛ '✈:♠ ❜➙➸♥:♠ V↔5✉ ♣♦ ♣➦✐♣'A♥L

♣➦✐❥❛5: ♠➙'L↔♥L ✈4♣❧❛5② ✈ ↔A'5❝❡ ✶✼ ✸✺✵✱✲❑↔❄ ✭❩❥✐'5➙5❡ '✐ ❝♦ ❥❡ 5♦ ❦♦♥5♦❦♦G❡♥5✳✮

✸✳✶✺✳ F❛♥L ❉✈♦➦A❦♦✈A '✐ ❝❤❝❡ ③❦♦♥5G♦❧♦✈❛5 ✈4♣❧❛5✉✳ F♦♠♦③5❡ ❥L✳ ❏❛❦A ❜✉❞❡

❥❡❥L ↔✐'5A ♠③❞❛❄

✭❈♦ ❥❡ ❤G✉❜A ❛ ↔L'5A ♠③❞❛❄✮

❍G✉❜A ♠③❞❛ ✶✺ ✵✵✵✱✵✵ ❑↔

❩❞G❛✈♦5♥L ♣♦❥✐➨5➙♥L −✻✼✺✱✵✵ ❑↔

❙♦❝✐A❧♥L ♣♦❥✐➨5➙♥L −✾✼✺✱✵✵ ❑↔

❉❛➡ −✸ ✵✶✺✱✵✵ ❑↔

❯♣❧❛5♥➙♥A '❧❡✈❛ ♥❛ ❞❛♥✐ ✷ ✵✼✵✱✵✵ ❑↔

❷✐'5A ♠③❞❛

✻✵



✷✳✹ ❱$%❧❡❞❦② ✲ ✷✳ ❦❛♣✐/♦❧❛

✶✳✶✳ ❛✮ −15❀ ❜✮ ✸✼❀ ❝✮ −3❀ ❞✮✲✶✺✵❀ ❡✮ ✸✹✼❀ ❢✮ ✶ ✼✽✶❀ ❣✮ ✶✵ ✸✹✼❀ ❤✮ −✶ ✵✵✵ ✵✵✵❀

✶✳✸✳ ❛✮ 2♥♦5 −2 ➦❈ ❀ ❜✮ 75♣❡♥ ✶✼ ➦❈❀

✶✳✹✳ ❛✮ −4❀ ❜✮ −2❀ ❝✮ −3❀ ❞✮ ✶✶❀ ❡✮ ✶✸❀ ❢✮ ✶✺❀ ❣✮ ✶✻❀ ❤✮ ✶✽❀ ✐✮ ✶✹❀ ❥✮ ✼❀ ❦✮ ✺❀

❧✮ ✲✷❀

✶✳✺✳ ✵❀ −1❀ −2❀ −3❀ −4❀ −5❀ −6 ❀

✶✳✻✳ −26❀ −24❀ −22❀ −20❀ −18❀ −16❀ −14❀ −12❀ −10❀ −8❀ −6❀ −4❀ −2❀

✶✳✼✳

❛✮ ✻❀ ✼❀ ✾❀ ✽❀ ✶✷❀ ✶✾❀ ✸✺❀ ✺✻❀ ✷✵✹❀ ✶✵✸❀

❜✮ −3❀ −8❀ −11❀ −6❀ −24❀ −43❀ −102❀

❝✮ −8❀ −6❀ −24❀ −102❀ ❞✮ ✼❀ ✾❀ ✶✾❀ ✸✺❀ ✶✵✸❀

❡✮ ✵❀ ✻❀ ✼❀ ✾❀ ✶✷❀ ✽❀ ✶✾❀ ✸✺❀

❢✮ ✵❀ −3❀ −8❀−11❀ −6❀ −24❀

✶✳✽✳ ❛✮ −12❀ −7❀ −2❀ ✵❀ ✸❀ ✽❀ ✶✹ ❜✮ −10❀ −8❀ −4❀ ✵ ✹❀ ✻❀ ✶✸ ❝✮ −50❀ −40❀ −30❀

−25❀ ✶✺❀ ✷✵❀ ✺✵❀ ✺✺❀

✶✳✾✳ ❛✮ 25 < 43❀ ❜✮ −25 < 43❀ ❝✮ 25 > −43❀ ❞✮ −25 > −43❀ ❡✮ −25 < 25❀

❢✮ −43 < 43❀

✶✳✶✵✳ ❛✮ ✶✼❀ ❜✮ ✼✶❀ ❝✮ ✶✽✹❀ ❞✮ −396❀

✶✳✶✶✳ ❛✮ ❛♥♦❀ ❜✮ ♥❡❀ ❝✮ ❛♥♦❀ ❞✮ ❛♥♦❀ ❡✮ ❛♥♦❀ ❢✮ ❛♥♦❀ ❣✮ ♥❡❀ ❤✮ ♥❡❀

✶✳✶✷✳

❛✮ ✼❀✽❀✾❀✶✵❀✶✶❀✶✷❀

❜✮ −8❀−7❀−6❀✳✳✳❀✶✶❀✶✷❀✶✸❀

❝✮ −81❀−80❀−79❀−78❀−77❀

❞✮ −53❀−52❀−51❀−50❀−49❀−48❀−47❀−46❀−45❀−44❀−43❀−42❀−41❀−40❀−39❀

❡✮ −11❀−10❀−9❀✳✳✳✸✹❀✸✺❀

❢✮ ✾✻❀ ✾✼❀✾✽❀✳✳✳✶✶✹❀✶✶✺❀

✶✳✶✸✳ ❛✮ |3|❀ ❜✮ |6|❀ ❝✮ |12|❀ ❞✮ |4|❀ ❡✮ |58|❀ ❢✮ |16|❀

✶✳✶✹✳ ❛✮ −13❀ ❜✮ ✶✷❀ ❝✮ ✷✾❀ ❞✮ ✼✹❀ ❡✮ −14❀ ❢✮ −88❀

✶✳✶✺✳ ❛✮ −3 ❛ ✸❀ ❜✮ ✺❀ ✹❀ ✸❀ ✷❀ ✶❀ ✵❀ −1❀ −2❀ −3❀ −4❀ −5❀ ❝✮ −3 ✳ ✳ ✳ ∞❀

❞✮ −5❀ −6❀✳ ✳ ✳ ✶✵❀ ✶✶❀ ❡✮ −7 ❛ ✼❀ ❢✮ −8;−9;−10;−11;−12;−13 ❛ ✽❀ ✾❀ ✶✵❀ ✶✶❀

✶✷❀ ✶✸❀

✻✶



✷✳✶✳ ❛✮ ✶✸❀ ✶❀ −1❀ −13❀ ❜✮ ✶✺❀ ✺❀ −5❀ −15❀ ❝✮ ✶✽❀ ✻❀ −6❀ −18❀ ❞✮ ✺❀ ✸❀ −3❀ −5❀

✷✳✷✳ ❛✮ ✶✽❀ ❜✮ ✽✹❀ ❝✮ −59❀ ❞✮ ✺✵❀ ❡✮ ✷✵❀ ❢✮ −20❀ ❣✮ ✹✵❀ ❤✮ −135❀

✷✳✸✳ ❛✮ −40❀ ❜✮ −67❀ ❝✮ −77❀ ❞✮ −54❀ ❡✮ −34❀ ❢✮ −10❀ ❣✮ ✶✶✸❀ ❤✮ ✻✵❀

✷✳✹✳ ❛✮ ✶✵✵❀ ❜✮ −100❀ ❝✮ −200❀ ❞✮ ✵❀ ❡✮ ✹✵✹❀ ❢✮ −400❀ ❣✮ −532❀ ❤✮ ✺✼❀

✷✳✺✳ ❛✮ −184❀ ❜✮ ✹✵✼❀ ❝✮ ✺✹✷❀ ❞✮ −✶ ✵✵✵❀ ❡✮ ✺✺✵❀ ❢✮ −777❀ ❣✮ −600❀ ❤✮ ✸✽✵❀

✷✳✻✳ ❛✮ ✵❀ ❜✮ ✵❀ ❝✮ ✻✹❀ ❞✮ ✵❀ ❡✮ −2❀ ❢✮ ✵❀ ❣✮ −10❀ ❤✮ ✵❀

✷✳✼✳ ❛✮ ✻✷❀ ❜✮ −2❀ ❝✮ ✹✵❀ ❞✮ −69❀ ❡✮ −73❀ ❢✮ −23❀ ❣✮ −4❀ ❤✮ ✷✽❀

✷✳✽✳ ❛✮ ✷✵❀ ❜✮ ✶✵❀ ❝✮ ✹✹✹❀ ❞✮ −10❀ ❡✮ ✷✶✻❀ ❢✮ −873❀ ❣✮ ✶✵✾❀ ❤✮ ✻✻✹❀

✷✳✾✳ ❛✮ ✸✵❀ ❜✮ −8❀ ❝✮ ✵❀ ❞✮ −26❀ ❡✮ −30❀ ❢✮ ✺✶❀

✷✳✶✵✳ ❛✮ −20❀ ❜✮ ✶✶✼❀ ❝✮ ✶✵❀ ❞✮ ✽✵❀ ❡✮ ✶✵✹❀ ❢✮ ✷✵❀

✷✳✶✶✳ ❛✮ ✷✼✾❀ ❜✮ ✸✵✻❀ ❝✮ −216❀ ❞✮ −234❀ ❡✮ −166❀ ❢✮ −164❀ ❣✮ −341❀ ❤✮ −588❀

✷✳✶✷✳ ❛✮ ✻✽❀ ❜✮ ✽✻❀ ❝✮ ✾✵❀ ❞✮ ✺✺❀ ❡✮ ✷✵✽❀ ❢✮ ✸✻✵❀ ❣✮ ✷✹✵❀ ❤✮ ✹✺✸❀

✷✳✶✸✳ ❛✮ ✼✸✺❀ ❜✮ ✷✵✺❀ ❝✮ ✹✵✵❀ ❞✮ ✺✵✵❀ ❡✮ ✺✵✵❀ ❢✮ ✺✹✺❀ ❣✮ ✻✺✵❀ ❤✮ ✾✹✵❀

✷✳✶✹✳ ❛✮ −94❀ ❜✮ −261❀ ❝✮ −66❀ ❞✮ ✶✹✺❀ ❡✮ ✸✾✻❀ ❢✮ ✶✻✼❀ ❣✮ ✽✻✵❀ ❤✮ ✽✶✺❀

✷✳✶✺✳ ❛✮ (−19)❀ ❜✮ ✺✽❀ ❝✮ ✽✵❀ ❞✮ (−30)❀

✷✳✶✻✳ ❛✮ ✽❀ −16❀ ✶✻❀ −8 ❜✮ ✶✵❀ −22❀ ✷✷❀ −10❀ ❝✮ ✶✽❀ ✻❀ −6❀ −18❀

❞✮ ✺❀ ✸❀ −3❀ −5❀

✷✳✶✼✳ ❛✮ ✶✻❀ ❜✮ ✷✽❀ ❝✮ −32❀ ❞✮ ✷✼❀ ❡✮ ✶✶❀ ❢✮ −6❀ ❣✮ ✷✷❀ ❤✮ −38❀

✷✳✶✽✳ ❛✮ ✶✷❀ ❜✮ −50❀ ❝✮ −14❀ ❞✮ ✶✵✵❀ ❡✮ −99❀ ❢✮ −78❀ ❣✮ −490❀ ❤✮ ✹✵✵❀

✷✳✶✾✳ ❛✮ ✾✾❀ ❜✮ ✹✵❀ ❝✮ −147❀ ❞✮ ✸✸✸❀ ❡✮ −580❀ ❢✮ ✻✺❀ ❣✮ ✶ ✵✸✸❀ ❤✮ ✶ ✸✺✵❀

✷✳✷✵✳ ❛✮ ✹✼✵❀ ❜✮ −600❀ ❝✮ ✼✼✽❀ ❞✮ ✸✺✶❀ ❡✮ ✶✵✻❀ ❢✮ ✶ ✶✻✵❀ ❣✮ −85❀ ❤✮ ✾✺❀

✷✳✷✶✳ ❛✮ ✶✼❀ ❜✮ ✷✽❀ ❝✮ −40❀ ❞✮ ✷✵❀ ❡✮ −4❀ ❢✮ −12❀ ❣✮ ✹✷❀ ❤✮ −60❀

✷✳✷✷✳ ❛✮ ✼✵❀ ❜✮ −16❀ ❝✮ ✼✻❀ ❞✮ ✹✺❀ ❡✮ ✺✹❀ ❢✮ ✹✷❀ ❣✮ ✺✵❀ ❤✮ −20❀

✷✳✷✸✳ ❛✮ ✷✵❀ ❜✮ ✾✻❀ ❝✮ −156❀ ❞✮ −7❀ ❡✮ ✶✽✺❀ ❢✮ −14❀ ❣✮ ✶✶✺❀ ❤✮ ✽✻❀

✷✳✷✹✳ ❛✮ −188❀ ❜✮ −21❀ ❝✮ −178❀ ❞✮ ✼✺✼❀ ❡✮ ✶✸❀ ❢✮ ✹✺✾❀ ❣✮ ✹✻✹❀ ❤✮ ✻✾✾❀

✷✳✷✺✳ ❛✮ ✶✵❀ ❜✮ −10❀ ❝✮ ✹❀ ❞✮ ✸✸❀ ❡✮ ✻✾❀ ❢✮ ✻✷❀ ❣✮ ✶✻✶❀ ❤✮ −40❀

✷✳✷✻✳ ❛✮ ✹✷✽❀ ❜✮ −565❀ ❝✮ ✹✾✺❀ ❞✮ −9❀ ❡✮ −151❀ ❢✮ ✾✾✾❀ ❣✮ ✶✽✵❀ ❤✮ ✼✹✻❀

✷✳✷✼✳ ❛✮ ✶✸✻❀ ❜✮ ✶✹✵❀ ❝✮ −134❀ ❞✮ ✽✾❀ ❡✮ ✸✹✵❀ ❢✮ ✼✷❀ ❣✮ −60❀ ❤✮ ✷✺✾❀

✷✳✷✽✳ ❛✮ ✶✷✷❀ ❜✮ −13❀ ❝✮ ✽✹❀ ❞✮ −131❀ ❡✮ ✻✼✸❀ ❢✮ −1❀ ❣✮ ✶✹✶❀ ❤✮ ✾✷✺❀

✷✳✷✾✳ ❛✮ ✷✶❀ ❜✮ −52❀ ❝✮ −66❀ ❞✮ ✼❀ ❡✮ ✽❀ ❢✮ −74❀ ❣✮ ✹✻❀ ❤✮ −2❀

✷✳✸✵✳ ❛✮ ✾✹❀ ❜✮ ✷✵✼❀ ❝✮ −290❀ ❞✮ ✶✺✼❀ ❡✮ −626❀ ❢✮ ✹✹✵❀ ❣✮ −13❀ ❤✮ ✻✶❀

✷✳✸✶✳ ❛✮ ✷✼❀ −27❀ −27❀ ✷✼ ❜✮ ✸✻❀ −36❀ −36❀ ✸✻❀ ❝✮ ✸✷❀ −32❀ −32❀ ✸✷❀

❞✮ ✷✽✽❀ −288❀ −288❀ ✷✽✽❀

✻✷



✷✳✸✷✳ ❛✮ ✺✻❀ ❜✮ −85❀ ❝✮ −190❀ ❞✮ ✵❀ ❡✮ −192❀ ❢✮ −216❀ ❣✮ ✾✻❀ ❤✮ ✸✶✷❀

✷✳✸✸✳ ❛✮✶✻✷❀ ❜✮ −768❀ ❝✮ −✶ ✽✼✺❀ ❞✮ −✷ ✵✻✵❀ ❡✮ −✶ ✾✸✽❀ ❢✮ ✼ ✵✵✽❀ ❣✮ ✶✵ ✸✷✵❀

❤✮ −✶✺ ✻✵✵❀

✷✳✸✹✳ ❛✮ −✽ ✹✵✵❀ ❜✮ −✷ ✵✽✵❀ ❝✮ ✶✷ ✺✵✵❀ ❞✮ ✶✽ ✻✵✵❀ ❡✮ −✸ ✸✺✵❀ ❢✮ −✹ ✺✵✵❀ ❣✮ ✻

✺✵✵❀ ❤✮ ✸✾ ✵✵✵❀

✷✳✸✺✳ ❛✮ ✶✾✷❀ ❜✮ ✶✹✹❀ ❝✮ −300❀ ❞✮ ✷✽✽❀ ❡✮ ✶✵✺❀ ❢✮ −1500❀ ❣✮ −192❀ ❤✮ −480❀

✷✳✸✻✳ ❛✮ −63❀ ❜✮ −12❀ ❝✮ ✸✷❀ ❞✮ −25❀ ❡✮ ✶✻✵❀ ❢✮ −168❀ ❣✮ ✼✷✵❀ ❤✮ −100❀

✷✳✸✼✳ ❛✮ ✹✺❀ ❜✮ −72❀ ❝✮ −28❀ ❞✮ ✸✷✵❀ ❡✮ −108❀ ❢✮ ✸✾✻❀ ❣✮ ✷✼✻❀ ❤✮ ✸✼✺❀

✷✳✸✽✳ ❛✮ ✾ ✶✾✻❀ ❜✮ −✼ ✻✾✺❀ ❝✮ −✶✹ ✺✵✵❀ ❞✮ ✶✽ ✾✾✵❀ ❡✮ ✶✷ ✻✵✵❀ ❢✮ −✺✵ ✷✷✵❀

❣✮ −✼✹ ✸✵✹❀ ❤✮ −✶✸✷ ✵✾✵❀

✷✳✸✾✳ ❛✮ ✶ ✵✽✵❀ ❜✮ −✹ ✶✻✵❀ ❝✮ ✸ ✸✵✵❀ ❞✮ ✶✵ ✸✻✽❀ ❡✮ −✸✸ ✷✻✹❀ ❢✮ −✽ ✵✻✹❀

❣✮ −✶✸ ✶✶✵❀ ❤✮ −567❀

✷✳✹✵✳ ❛✮ −30❀ ❜✮ −96❀ ❝✮ −80❀ ❞✮ −84❀ ❡✮ −1260❀ ❢✮ ✶✶✻✵❀ ❣✮ ✸✵✹❀ ❤✮ −405❀

✷✳✹✶✳ ❛✮ ✸❀ −3❀ −3❀ ✸❀ ❜✮ ✻❀ −6❀ −6❀ ✻❀ ❝✮ ✾❀ −9❀ −9❀ ✾❀ ❞✮ ✾❀ −9❀ −9❀ ✾❀

✷✳✹✷✳ ❛✮ −9❀ ❜✮ −8❀ ❝✮ −7❀ ❞✮ ✼❀ ❡✮ −6❀ ❢✮ ✾❀ ❣✮ −10❀ ❤✮ ♥❡❧③❡❀

✷✳✹✸✳ ❛✮ −69❀ ❜✮ −312❀ ❝✮ −56❀ ❞✮ ✸✶✽❀ ❡✮ ✸✾✵❀ ❢✮ −345❀ ❣✮ ✷✺✷❀ ❤✮ ✻✽✻❀

✷✳✹✹✳ ❛✮ −23❀ ❜✮ −23❀ ❝✮ ✷✶❀ ❞✮ −8❀ ❡✮ ✾❀ ❢✮ ✹✽❀ ❣✮ −63❀ ❤✮ −87❀

✷✳✹✺✳ ❛✮ ✶✸❀ ❜✮ ✹✶❀ ❝✮ ✷✻❀ ❞✮ ✹✼❀ ❡✮ −93❀ ❢✮ ✷✸✹❀ ❣✮ −29❀ ❤✮ −203❀

✷✳✹✻✳ ❛✮ −112❀ ❜✮ −196❀ ❝✮ −131❀ ❞✮ ✹✺❀ ❢✮ −65❀ ❣✮ −78❀ ❤✮ ✻✺❀

✷✳✹✼✳ ❛✮ −31❀ ❜✮ −23❀ ❝✮ ✷✾❀ ❞✮ −36❀ ❡✮ ✶✺❀ ❢✮ −24❀ ❣✮ ✶✵✹❀ ❤✮ −27❀

✷✳✹✽✳ ❛✮ ✸✻❀ ❜✮ −23❀ ❝✮ ✹✵❀ ❞✮ −60❀ ❡✮ ✸✻ ❀ ❢✮ ✺✷ ❀ ❣✮ −66❀ ❤✮ ✽✵❀

✷✳✹✾✳ ❛✮ −8 ❀ ❜✮ −10❀ ❝✮ ✾❀ ❞✮ ✶✷❀ ❡✮ −72❀ ❢✮ ✺❀ ❣✮ ✼❀ ❤✮ −12❀

✷✳✺✵✳ ❛✮ −12❀ ❜✮ −9❀ ❝✮ −8❀ ❞✮ −2❀ ❡✮ −3❀ ❢✮ ✹❀ ❣✮ ✹❀ ❤✮ −4❀

✸✳✶✳ ❛✮ ✶✻❀ ❜✮ ✶✺✺❀ ❝✮ −149❀ ❞✮ ✻✹✵❀ ❡✮ ✶✹✵❀ ❢✮ −312❀ ❣✮ −1924❀ ❤✮ −116❀

✸✳✷✳ ❛✮ −32❀ ❜✮ ✹❀ ❝✮ ✺❀ ❞✮ ✶✺❀ ❡✮ −142❀ ❢✮ −181❀ ❣✮ −357❀ ❤✮ ✶✷✹❀

✸✳✸✳ ❛✮ ✶✸❀ ❜✮ ✷✹❀ ❝✮ ✸✽❀ ❞✮ ✺✻❀ ❡✮ −5❀ ❢✮ −4❀ ❣✮ −4❀ ❤✮ −16❀

✸✳✹✳ ❛✮ −38❀ ❜✮ −40❀ ❝✮ −23❀ ❞✮ ✺✸✺❀ ❡✮ ✷✷❀ ❢✮ −168❀ ❣✮ −2❀ ❤✮ ✶✹✵❀

✸✳✺✳ ❛✮ −23❀ ❜✮ ✷✼❀ ❝✮ ✶✾❀ ❞✮ ✶✸❀ ❡✮ ✸✸❀ ❢✮ ✶✶❀ ❣✮ ✸✾❀ ❤✮ ✶✸

✸✳✻✳ ❛✮ −7❀ ❜✮ ✼❀ ❝✮ −216❀ ❞✮ −238❀ ❡✮ ✾❀ ❢✮ ✺❀ ❣✮ −81❀ ❤✮ −4❀

✸✳✼✳ ❛✮ −97❀ ❜✮ ✼✻❀ ❝✮ −32❀ ❞✮ −195❀ ❡✮ −309❀ ❢✮ −384❀ ❣✮ −161❀ ❤✮ −60❀

✸✳✽✳ ❛✮ ✷❀ ❜✮ ✺✸❀ ❝✮ ✷✾❀ ❞✮ ✶✸❀ ❡✮ ✹❀ ❢✮ ✶✽❀ ❣✮ ✶✷✶❀ ❤✮ −37❀

✸✳✾✳ ❛✮ −9❀ ❜✮ −9❀ ❝✮ ✺✹✵❀ ❞✮ ✻❀ ❡✮ −29❀ ❢✮ ✼✷❀ ❣✮ −400❀ ❤✮ −66❀

✻✸



✸✳✶✵✳ ❛✮ ❛♥♦❀ ❜✮ ❛♥♦❀ ❝✮ ❛♥♦❀ ❞✮ ❛♥♦❀ ❡✮ ❛♥♦❀ ❢✮ ❛♥♦❀

✸✳✶✶✳ ❛✮ ✺✺✷✻✱✲❀ ❜✮ ✼✼✾✹✱✲❀ ❝✮ ✸✻✻✽✱✲❀

✸✳✶✷✳ ✺ ➦❈ ❛ ✵ ➦❈❀

✸✳✶✸✳ −20✱✲ ❛ ✺✱✲

✸✳✶✹✳ −✺ ✵✵✵✱✲❀ ✷ 6♦❦② ✰ ✸ ♠➙<=❝❡❀ ✶✷ ✸✺✵✱✲❀

✸✳✶✺✳ ✶✷ ✹✵✺ ❑↔❀

✻✹



❑❛♣✐$♦❧❛ ✸

❘❛❝✐♦♥+❧♥, ↔,.❧❛

✸✳✶ #♦③♥'✈'♠❡ +❛❝✐♦♥'❧♥0 ↔02❧❛

❘❛❝✐♦♥&❧♥( ↔(*❧❛ ❥*♦✉ ↔(*❧❛✱ ❦/❡1& ♠➲➸❡♠❡ ③❛♣*❛/ ✈❡ /✈❛1✉ ③❧♦♠❦✉✱ ❥❡❤♦➸ ↔✐/❛/❡❧

✐ ❥♠❡♥♦✈❛/❡❧ ❥*♦✉ ↔(*❧❛ ❝❡❧&✱ ♣♦✉③❡ ❥♠❡♥♦✈❛/❡❧ ❥❡ 1➲③♥9 ♦❞ ♥✉❧②✳ ❈❡❧9♠✐ ↔(*❧②

♠②*❧(♠❡ /❛ ↔(*❧❛✱ ❦/❡1& ❥*♦✉ ❦❧❛❞♥&✱ ③&♣♦1♥& ❛ ♥✉❧❛✳ ❖♣➙/ ♥❡*♠(♠❡ ③❛♣♦♠(✲

♥❛/ ♥❛ ③♥❛♠A♥❦♦ ✒− ✏ ✉ ↔(*❡❧ ③&♣♦1♥9❝❤✳ ❱➙/➨✐♥✉ 1❛❝✐♦♥&❧♥(❝❤ ↔(*❡❧ ♠➲➸❡♠❡

③❛♣*❛/ ✐ ✈❡ /✈1✉ ❞❡*❡/✐♥♥A❤♦ ↔(*❧❛✳

✶✳✶✳ ❱②♣✐➨/❡ ③ ❞❡*❡/✐♥♥9❝❤ ↔(*❡❧ ✵✱✹✸❀−1, 12❀ ✶✱✶✽❀−12, 4❀ −13, 567 ❛ ✵✱✷✹✸

✈➨❡❝❤♥❛ /❛ ❞❡*❡/✐♥♥& ↔(*❧❛✱ ❦/❡1& ❥*♦✉ ③&♣♦1♥&✳

✶✳✷✳ ◆❛19*✉❥/❡ *✐ ↔(*❡❧♥♦✉ ♦*✉ ❛ ③❛♣✐➨/❡ ❞♦ ♥( /❛/♦ ↔(*❧❛✿

✵✱✺❀ −1, 7❀ ✵✱✽❀−1, 4❀ ✶✱✺❀ −1, 9❀ −0, 3❀

✶✳✸✳ P➦❡✈❡↕/❡ ❞❡*❡/✐♥♥& ↔(*❧❛ ♥❛ ❞❡*❡/✐♥♥A ③❧♦♠❦②✿

❛✮ ✵✱✵✹ ❡✮ −2, 38

❜✮ ✵✱✶✸ ❢✮ ✹✱✶✻

❝✮ ✶✱✶✷ ❣✮ −7, 12

❞✮ −1, 23 ❤✮ −12, 56

✻✺



✶✳✹✳ ❱②❥&❞➦❡*❡ ❞❡+❡*✐♥♥. ↔0+❧♦ ✈❡ *✈❛5✉ ❞❡+❡*✐♥♥.❤♦ ③❧♦♠❦✉✿

❛✮ ✵✱✼ ❡✮ ✻✱✽

❜✮ −0, 9 ❢✮ ✼✱✷✾

❝✮ −0, 5 ❣✮ −77, 2

❞✮−2, 3 ❤✮ −3, 238

✶✳✺✳ -➦❡✈❡↕2❡ ③❧♦♠❡❦ ♥❛ ❞❡:❡2✐♥♥< ↔>:❧♦✿

❛✮

7
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❡✮

29
1000

❜✮ −26
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❢✮ − 356
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❝✮

17
100

❣✮

176
100000

❞✮ − 52
100

❤✮ − 213
10000

✶✳✻✳ ❱②❥E❞➦❡2❡ ③❧♦♠❡❦ ✈❡ 2✈❛F✉ ❞❡:❡2✐♥♥<❤♦ ↔>:❧❛✿

❛✮ −7
8

❡✮

1
5

❜✮

12
15

❢✮ −17
25

❝✮ −24
25

❣✮ − 45
450

❞✮

31
32

❤✮

25
8

✶✳✼✳ ❱②❥E❞➦❡2❡ ③❧♦♠❡❦ ❞❡:❡2✐♥♥H♠ ↔>:❧❡♠ ❛ ③❛♦❦F♦✉❤❧❡2❡ ❤♦ ♥❛ :❡2✐♥②✿

❛✮

7
12

❡✮

14
13

❜✮ ✲

5
18

❢✮ −23
18

❝✮

3
23

❣✮

21
26

❞✮ ✲

2
9

❤✮

9
23

✻✻



✶✳✽✳ ❱②❥&❞➦❡*❡ ↔,-❧♦ −49
12

❞❡-❡*✐♥♥2♠ ↔,-❧❡♠ ③❛♦❦7♦✉❤❧❡♥2♠ ♥❛✿

❛✮ -❡*✐♥②

❜✮ *✐-,❝✐♥②

❝✮ ❞❡-❡*✐*✐-,❝✐♥②

❞✮ ❥❡❞♥♦*❦②

✶✳✾✳ ❱②❥&❞➦❡*❡ ③❧♦♠❡❦ ❥❛❦♦ ❞❡-❡*✐♥♥? ↔,-❧♦ ③❛♦❦7♦✉❤❧❡♥? ♥❛ -❡*✐♥②✿

❛✮ − 9
12

❡✮ 4 2
10

❜✮ ✺

2
4

❢✮

48
25

❝✮ −28
32

❣✮ −33
6

❞✮

24
50

❤✮

123
25

✶✳✶✵✳ ❱②❥&❞➦❡*❡ ↔,-❧♦ −96
56

❞❡-❡*✐♥♥2♠ ↔,-❧❡♠ ③❛♦❦7♦✉❤❧❡♥2♠ ♥❛✿

❛✮ -❡*✐♥②

❜✮ *✐-,❝✐♥②

❝✮ ❞❡-❡*✐*✐-,❝✐♥②

❞✮ ❥❡❞♥♦*❦②

✻✼



✸✳✶✳✶ #♦%♦✈♥(✈(♥) %❛❝✐♦♥(❧♥)❝❤ ↔)0❡❧

 ♦"♦✈♥%✈❛' ✉➸ ✉♠+♠❡ ③❧♦♠❦②✱ ❞❡3❡'✐♥♥% ↔+3❧❛ ❛ ✐ ↔+3❧❛ ❝❡❧%✱ '❡↕ ❦ ♥✐♠ ♣➦✐✲

❜②❧❛ ❥❡♥ ❞❡3❡'✐♥% ↔+3❧❛ ③%♣♦"♥% ❛ ③%♣♦"♥= ③❧♦♠❦②✳  ♦♠%❤% ♥%♠ ↔+3❡❧♥% ♦3❛✱

'♦ ↔+3❧♦✱ ❦'❡"= ❥❡ ♠❡♥➨+✱ ❥❡ ♥❛ ↔+3❡❧♥= ♦3❡ ✈❧❡✈♦ ❛ '♦ ✈➙'➨+ ❥❡ ♥❛ ↔+3❡❧♥= ♦3❡

✈♣"❛✈♦✳ ❱➨❡❝❤♥❛ ❦❧❛❞♥% ↔+3❧❛ ❥3♦✉ ✈➙'➨+ ♥❡➸ ♥✉❧❛ ❛ ✈➨❡❝❤♥❛ ③%♣♦"♥% ↔+3❧❛ ❥3♦✉

♠❡♥➨+ ♥❡➸ ♥✉❧❛✳ ❩❡ ❞✈♦✉ ③%♣♦"♥D❝❤ ↔+3❡❧ ❥❡ ♠❡♥➨+ '♦✱ ❦'❡"= ♠% ✈➙'➨+ ❛❜3♦❧✉'♥+

❤♦❞♥♦'✉✳

 ➦✐ ♣♦"♦✈♥%✈%♥+ "❛❝✐♦♥%❧♥+❝❤ ↔+3❡❧ ♠✉3+ ❜D' ✈➨❡❝❤♥❛ '❛'♦ ↔+3❧❛ ✈➸❞② ❜✉↕ ✈❡

'✈❛"✉ ③❧♦♠❦✉ ♥❡❜♦ ✈❡ '✈❛"✉ ❞❡3❡'✐♥♥=❤♦ ↔+3❧❛✳

✶✳✶✶✳ ❘♦③❤♦❞♥➙'❡✱ ❦'❡"= ③❡ ❞✈♦✉ "❛❝✐♦♥%❧♥+❝❤ ↔+3❡❧ ❥❡ ✈➙'➨+✿

❛✮ ✵✱✼ ♥❡❜♦ ✲

7
10

❡✮ −23
5
♥❡❜♦ −4, 7

❜✮ −1, 4 ♥❡❜♦ −15
10

❢✮ ✶✹✱✶✺ ♥❡❜♦

55
4

❝✮ −3
2
♥❡❜♦ ✵ ❣✮

36
45
♥❡❜♦ −1, 9

❞✮ ✹✱✶✽ ♥❡❜♦

18
4

❤✮ ✾✵✱✹✽ ♥❡❜♦

126
12

✶✳✶✷✳ ❙❡➦❛↕'❡ '❛'♦ "❛❝✐♦♥%❧♥+❝❤ ↔+3❧❛ ❞❧❡ ✈❡❧✐❦♦3'✐ ✈③❡3'✉♣♥➙✿

❛✮ ✸✱✼❀ −7❀ −9
4
❀

12
15
❀ ✼✱✾❀ ✵✱✷✺❀ −4, 6❀ −3

4

❜✮

13
5
❀ ✺❀ ✶✷✱✽❀ −3, 4❀ −19, 7❀ 39

5
❀ −57

6
❀ −98

10

❝✮ −23, 87❀ ✺✻✱✶✽❀ ✷✸✱✶✺❀ −56, 195❀ −96
15
❀

159
12

❞✮ −459
24
❀ ✷✶✱✶✷✺❀ −45

36
❀

785
20
❀

936
15
❀ −45

6
❀ −95

4
❀

365
2

✶✳✶✸✳  ♦"♦✈♥❡❥'❡ ♣♦♠♦❝+ ③♥❛❦➲ < ❛ > ❞✈♦❥✐❝❡ "❛❝✐♦♥%❧♥+❝❤ ↔+3❡❧✿

❛✮ ✸✱✻ ❛ ✺✱✼ ❡✮

7
4
❛ −4

9

❜✮ −2, 4 ❛ −4, 6 ❢✮

6
9
❛ −10

12

❝✮ ✵✱✹ ❛ −1, 5 ❣✮ −3
4
❛ −2, 5

❞✮

1
5
❛

3
8

❤✮

1
2
❛ −3, 5

✻✽



✶✳✶✹✳ #♦%♦✈♥❡❥*❡ ♣♦❞❧❡ ✈❡❧✐❦♦0*✐ *❛*♦ %❛❝✐♦♥3❧♥4❝❤ ↔40❧❛✿

❛✮ ✶✱✽ ❛ ✷✱✸ ❡✮ ✶✽✱✸ ❛ ✶✾✱✺

❜✮ −1, 9 ❛ ✸✱✹ ❢✮ −25, 19 ❛ −28, 053

❝✮ −2, 5 ❛ −2, 3 ❣✮ ✸✻✱✺✽ ❛ ✹✻✱✸✻

❞✮ −1, 8 ❛ ✵✱✺ ❤✮ −48, 69 ❛ −49, 124

✶✳✶✺✳ ❘♦③❤♦❞♥➙*❡✱ ❦*❡%G %❛❝✐♦♥3❧♥4❝❤ ↔40❧♦ ❥❡ ③ ❤❧❡❞✐0❦❛ ✈❡❧✐❦♦0*✐ ♣%♦0*➦❡❞♥4✿

❛✮ −5
2
✱ −3

2
✱

1
2

❜✮

6
3
✱

9
3
✱

7
3

❝✮

4
11
✱ − 7

11
✱

9
11

❞✮

4
6
✱ −2

6
✱

8
6

✻✾



✸✳✷ #♦↔&'(♠❡ + ,❛❝✐♦♥(❧♥&♠✐ ↔&+❧②

✸✳✷✳✶ ❙↔&'(♥& *❛❝✐♦♥(❧♥&❝❤ ↔&1❡❧

 ♦❦✉❞ %↔'()♠❡ ↔'%❡❧♥. ❤♦❞♥♦(② %❡ %(❡❥♥2♠✐ ③♥❛♠.♥❦②✱ ❥❡ %♦✉↔❡( ❦❧❛❞♥2❝❤ ↔'✲

%❡❧ ↔'%❧♦ ❦❧❛❞♥. ❛ %♦✉↔❡( ③)♣♦:♥2❝❤ ↔'%❡❧ ❥❡ ↔'%❧♦ ③)♣♦:♥.✳ ❙♦✉↔❡( ❦❧❛❞♥.❤♦ ❛

③)♣♦:♥.❤♦ ↔'%❧❛ ❥❡ ❥❡❥✐❝❤ :♦③❞'❧ %❡ ③♥❛♠.♥❦❡♠ (. ❤♦❞♥♦(② % ✈➙(➨' ❛❜%♦❧✉(♥'

❤♦❞♥♦(♦✉✳ ❆❜②❝❤♦♠ %❡↔❡(❧✐ ③❧♦♠❦②✱ ♠✉%' ♠'( %(❡❥♥. ❥♠❡♥♦✈❛(❡❧❡✳

 ➦✐ %↔'()♥' :❛❝✐♦♥)❧♥'❝❤ ↔'%❡❧ ♠✉%' ❜2( ✈➨❡❝❤♥❛ (❛(♦ ↔'%❧❛ ✈➸❞② ❜✉↕ ✈❡ (✈❛:✉

③❧♦♠❦✉ ♥❡❜♦ ✈❡ (✈❛:✉ ❞❡%❡(✐♥♥.❤♦ ↔'%❧❛✳

❱2%❧❡❞❦② ♦♣➙( ✉✈)❞'♠❡ ✈ ③)❦❧❛❞♥'♠ (✈❛:✉ ♥❡❜♦ ✈❡ (✈❛:✉ %♠'➨❡♥.❤♦ ↔'%❧❛✳

✷✳✶✳ ❱②♣♦↔'(❡❥(❡✿

❛✮ 7, 8 + 2, 2 = ❡✮ 3, 6 + 6, 4 =

❜✮ (−7, 8) + 2, 2 = ❢✮ (−3, 6) + 6, 4 =

❝✮ 7, 8 + (−2, 2) = ❣✮ 3, 6 + (−6, 4) =

❞✮ (−7, 8) + (−2, 2) = ❤✮ (−3, 6) + (−6, 4) =

✷✳✷✳ ❱②♣♦↔'(❡❥(❡✿

❛✮ 10, 3 + (−6, 3) = ❡✮ (−36) + 13, 5 =

❜✮ 15, 2 + (+3, 2) = ❢✮ (−17) + (−2, 5) =

❝✮ (−17, 8) + (−3, 8) = ❣✮ (−14, 2) + 4, 01 =

❞✮ 19, 4 + (−4, 4) = ❤✮ (−19, 5) + (−6, 3) =

✷✳✸✳ ❱②♣♦↔'(❡❥(❡✿

❛✮ (−11, 6) + (−5, 4) = ❡✮ 36, 3 + (−12, 1) =

❜✮ 19, 8 + (−4, 3) = ❢✮ (−41, 7) + 13, 3 =

❝✮ (−21, 16) + 17, 14 = ❣✮ (−58, 14) + (−12, 46) =

❞✮ 17, 8 + 19, 18 = ❤✮ 66, 6 + (−33, 3) =

✼✵



✷✳✹✳ ❱②♣♦↔()❡❥)❡✿

❛✮ (46, 3) + 54, 2 = ❡✮ 31, 54 + (−26, 18) =

❜✮ (−8, 58) + (−8, 58) = ❢✮ 17, 5 + 12, 15 =

❝✮ 23, 15 + (−11, 6) = ❣✮ 11, 6 + (−13, 81) =

❞✮ (−19, 8) + (−24, 5) = ❤✮ (−97, 8) + 19, 7 =

✷✳✺✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 39, 17 + (−156, 1) + 7, 8 = ❡✮ 17, 4 + 29, 16 + (−13, 17) =

❜✮ 6, 71 + (−4, 9 + 13, 19 = ❢✮ 48, 12 + (−18, 1) + (−24, 6) =

❝✮ 5, 43 + (−1, 24) + (−0, 91) = ❣✮ 69, 16 + (−21, 8) + (−34, 2) =

❞✮ 4, 4 + 0, 4 + (−15, 24) = ❤✮ 86 + (−48, 45) + (−26, 55) =

✷✳✻✳ ❱②♣♦↔()❡❥)❡✿

❛✮

2
16

+ (− 8
16
) = ❡✮

37
63

+ (−41
63
) =

❜✮ (− 7
15
) + (−18

15
) = ❢✮ (−46

37
) + 18

37
=

❝✮

19
23

+ (−25
23
) = ❣✮

68
43

+ (−49
43
) =

❞✮ (−31
56
) + (−48

56
) = ❤✮ (−17

58
) + 47

58
=

✷✳✼✳ ❱②♣♦↔()❡❥)❡✿

❛✮ (−6
9
) + (−9

6
) = ❡✮ (−4

7
) + 7

4
=

❜✮

3
8
+ (−8

3
) = ❢✮ (−5

6
) + 6

5
=

❝✮ (−5
2
) + (−2

5
) = ❣✮ (− 8

11
) + (−11

8
) =

❞✮

8
7
+ (−7

8
) = ❤✮ (− 5

12
) + (−12

5
) =

✼✶



✷✳✽✳ ❱②♣♦↔()❡❥)❡✿

❛✮ (−5
8
) + 9

4
= ❡✮

5
27

+ (−3
9
) =

❜✮

18
25

+ (−4
5
) = ❢✮

7
32

+ (−8
4
) =

❝✮

7
6
+ (− 4

18
) = ❣✮ (−15

8
) + 5

9
=

❞✮ (− 9
12
) + (−12

36
) = ❤✮

18
7
+ 12

6
=

✷✳✾✳ ❱②♣♦↔()❡❥)❡✿

❛✮

15
21

+ 12
7
= ❡✮ 43

7
+ (− 3

21
) + (−2

7
) =

❜✮

9
15

+ (−7
6
) = ❢✮ (−6

8
) + (− 5

32
) + 4

16
=

❝✮ ✭✲

17
35
) + 12

6
= ❣✮

7
45

+ (−12
9
) + (− 8

90
) =

❞✮ ✭✲

23
25
) + 7

15
= ❤✮ 613

5
+ 8

50
+ (− 32

100
) =

✷✳✶✵✳ ❱②♣♦↔()❡❥)❡✿

❛✮

15
6
+ 15, 6 = ❡✮ 54, 256 + (−28

32
) + (−28, 32) =

❜✮ (−24, 15) + 24
15

= ❢✮ (−332, 14) + (−12
8
) + (−12, 8) =

❝✮ 19, 5 + (−19
5
) = ❣✮ 241, 2 + (− 3

15
) + 3, 15 =

❞✮

22
20

+ (−22, 2) = ❤✮

20
25

+ (−15
20
) + 22, 12 =

✸✳✷✳✷ ❖❞↔&'(♥& *❛❝✐♦♥(❧♥&❝❤ ↔&1❡❧

❘❛❝✐♦♥=❧♥( ↔(?❧❛ ♦❞↔()=♠❡ )❛❦✱ ➸❡ )✉)♦ ♦♣❡E❛❝✐ ♣➦❡✈❡❞❡♠❡ ♥❛ ?↔()=♥( ?)❡❥♥➙

❥❛❦♦ ✉ ↔(?❡❧ ❝❡❧I❝❤✱ ♥❡❜♦➫ ♦❞❡↔(?) ↔(?❧♦ ❥❡ ?)❡❥♥K ❥❛❦♦ ♣➦✐↔(?) ↔(?❧♦ ❥❡♠✉ ♦♣❛↔♥K✳

✭♥❛♣➦✳✿ (−10, 2)− (−4, 8) = (−10, 2) + (−4, 8) = −15✮

✼✷



✷✳✶✶✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 5, 6− 3, 4 = ❡✮ 9, 2− 5, 8 =

❜✮ (−5, 6)− 3, 4 = ❢✮ (−9, 2)− 5, 8 =

❝✮ 5, 6− (−3, 4) = ❣✮ 9, 2− (−5, 8) =

❞✮ (−5, 6)− (−3, 4) = ❤✮ (−9, 2)− (−5, 8) =

✷✳✶✷✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 1, 6− (−0, 3) = ❡✮ (−10, 26)− 9, 14 =

❜✮ (−2, 9)− 1, 5 = ❢✮ 12, 58− (−11, 32) =

❝✮ 3, 81− 2, 26 = ❣✮ (−23, 15)− 16, 15 =

❞✮ 9, 15− (−6, 8) = ❤✮ 26, 49− (−12, 48) =

✷✳✶✸✳ ❱②♣♦↔()❡❥)❡✿

❛✮ (−54, 3)− (−8, 2) = ❡✮ (−15, 218)− (−151, 132) =

❜✮ 35, 4− 85, 4 = ❢✮ 84, 19− 36, 21 =

❝✮ (−65, 8)− 33, 3 = ❣✮ 121, 111− (−19, 222) =

❞✮ 71, 18− (−29, 31) = ❤✮ (−148, 21)− (−22, 290) =

✷✳✶✹✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 153, 213− (−47, 787) = ❡✮ 218, 213− (−36, 4) =

❜✮ 150, 48− (−114, 23) = ❢✮ (−274, 45− 56, 7 =

❝✮ (−176, 29)− 39, 15 = ❣✮ (−234, 156)− (−42, 1) =

❞✮ (−213, 156)− (−24, 25) = ❤✮ (−326, 18)− (−29, 71) =

✼✸



✷✳✶✺✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ 15, 8− (−23, 6)− 12, 8 = ❡✮ 9, 23− 126, 32− (−326, 42) =

❜✮ (−13, 9)− 123, 8− (−21, 61) = ❢✮ (−235, 124)− (−624, 58)− 12, 56 =

❝✮ 123, 23− 26, 14− (−104, 3) = ❣✮ 569, 12− 124, 38− 22, 214 =

❞✮ (−235, 14)− 326, 2− (−23, 54) = ❤✮ 124, 23− (−412, 32)− 5, 6 =

✷✳✶✻✳ ❱②♣♦↔)*❡❥*❡✿

❛✮

6
15
− 4

15
= ❡✮

9
17
− (− 4

17
) =

❜✮

2
3
− (−4

3
) = ❢✮

4
21
− 9

21
=

❝✮ (−5
6
)− 4

6
= ❣✮

12
32
− (−11

32
) =

❞✮

7
12
− 4

12
= ❤✮ (− 7

46
)− (−12

46
) =

✷✳✶✼✳ ❱②♣♦↔)*❡❥*❡✿

❛✮

4
3
− 3

4
= ❡✮

15
4
− (− 4

15
) =

❜✮ (−7
6
)− 6

7
= ❢✮

8
11
− (−11

8
) =

❝✮

5
8
− (−8

5
) = ❣✮ (− 6

13
)− 13

6
=

❞✮ (−9
7
)− 7

9
= ❤✮ (−15

7
)− (− 7

15
) =

✷✳✶✽✳ ❱②♣♦↔)*❡❥*❡✿

❛✮

7
5
− 2

10
= ❡✮

12
15
− (−14

30
) =

❜✮ (−7
3
)− 14

6
= ❢✮ (− 7

12
)− 13

24
=

❝✮

21
8
− (−12

4
) = ❣✮

9
21
− (−41

42
) =

❞✮ (−26
21
)− (−9

7
) = ❤✮ (−19

64
)− (−21

16
) =

✼✹



✷✳✶✾✳ ❱②♣♦↔)*❡❥*❡✿

❛✮

4
7
− 5

3
= ❡✮ (−12

7
)− 9

13
=

❜✮ (− 7
19
)− 9

6
= ❢✮ (−7

6
)− (− 2

24
) =

❝✮

16
3
− (−17

8
) = ❣✮

12
5
− (−17

25
) =

❞✮ (−15
4
)− 5

20
= ❤✮ (−16

6
)− (−13

2
) =

✷✳✷✵✳ ❱②♣♦↔)*❡❥*❡✿

❛✮

6
3
− (−4

6
)− 3

12
= ❡✮

6
4
− (−12

16
)− 21

32
=

❜✮ (−7
2
)− (−6

4
)− 5

8
= ❢✮ (−9

6
)− 4

12
− (−16

24
) =

❝✮

17
5
− 12

10
− (−14

20
) = ❣✮ (−12

7
)− (−16

14
)− (−18

28
) =

❞✮

17
2
− 6

3
− (−12

4
) = ❤✮

18
3
− (−6

4
)− (−9

5
) =

✸✳✷✳✸ ◆$%♦❜❡♥* +❛❝✐♦♥$❧♥*❝❤ ↔*%❡❧

7♦❦✉❞ ♥;<♦❜)♠❡ ❞✈➙ ❦❧❛❞♥; ♥❡❜♦ ❞✈➙ ③;♣♦B♥; ↔)<❧❛✱ ❥❡ ✈D<❧❡❞❡❦ ✈➸❞② ❦❧❛❞♥D✳

7♦❦✉❞ ♥;<♦❜)♠❡ ❧✐❝❤D ♣♦↔❡* ↔✐♥✐*❡❧➲✱ ❥❡ ✈D<❧❡❞❡❦ ③;♣♦B♥D✳ ◆;<♦❜)♠❡✲❧✐ ↔✐♥✐*❡❧

♥✉❧♦✉✱ ✈D<❧❡❞❡❦ ❥❡ ♥✉❧❛✳ ◆;<♦❜)♠❡✲❧✐ ↔)<❧♦ ↔)<❧❡♠ −1✱ ✈D<❧❡❞❡❦ ❥❡ ↔)<❧♦ ♦♣❛↔♥J✳

❩❧♦♠❦② ♥;<♦❜)♠❡ *❛❦✱ ➸❡ ♥;<♦❜)♠❡ ↔✐*❛*❡❧ < ↔✐*❛*❡❧❡♠ ❛ ❥♠❡♥♦✈❛*❡❧❡ < ❥♠❡✲

♥♦✈❛*❡❧❡♠✳

✷✳✷✶✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ 6, 2 · 7, 2 = ❡✮ 9, 6 · 3, 7 =

❜✮ (−6, 2) · (−7, 2) = ❢✮ (−9, 6) · (−3, 7) =

❝✮ 6, 2 · (−7, 2) = ❣✮ (−9, 6) · 3, 7 =

❞✮ (−62) · 7, 2 = ❤✮ 9, 6 · (−3, 7) =

✼✺



✷✳✷✷✳ ❱②♣♦↔'(❡❥(❡✿

❛✮ 2 · (−4, 6) = ❡✮ (−4, 1) · 6, 9 =

❜✮ 6 · (−7, 3) = ❢✮ 0, 3 · 1, 3 =

❝✮ 9 · (−1, 3) = ❣✮ (−3, 7) · 0, 4 =

❞✮ 0, 8 · (−10, 1) = ❤✮ (−1, 12) · (−0, 14) =

✷✳✷✸✳ ❱②♣♦↔'(❡❥(❡✿

❛✮ 1 · (−0, 6) = ❡✮ (−1) · (−4, 8) =

❜✮ (−3) · 2, 7 = ❢✮ 3, 9 · 4, 08 =

❝✮ 0, 4 · (−2, 8) = ❣✮ (−15) · 12, 6 =

❞✮ 2, 5 · (−3, 4) = ❤✮ 10, 12 · (−12, 1) =

✷✳✷✹✳ ❱②♣♦↔'(❡❥(❡✿

❛✮ 0, 02 · (−2, 12) = ❡✮ 12, 111 · 3, 14 =

❜✮ (−0, 01) · 0, 23 = ❢✮ (−7, 2) · 12, 001 =

❝✮ 2, 31 · (−1, 21) = ❣✮ 2, 36 · (−1, 24) =

❞✮ 0, 124 · (−1, 2) = ❤✮ 3, 12 · (−12, 14) =

✷✳✷✺✳ ❱②♣♦↔'(❡❥(❡✿

❛✮ 0, 6 · (−2, 4) · 3, 6 = ❡✮ (−0, 2) · 2, 3 · (−2, 1) =

❜✮ 2, 1 · (−0, 8) · 3, 5 = ❢✮ 0, 4 · (−0, 5) · 4, 8 =

❝✮ (−5, 4) · (−0, 2) · 3, 2 = ❣✮ 3, 6 · (−0, 9) · (−1, 2) =

❞✮ 0, 9 · (−4, 3) · 0, 7 = ❤✮ (−3, 2) · (−0, 1) · (−1, 6) =

✼✻



✷✳✷✻✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 3 · (−1
2
) = ❡✮ (−11) · (−4

7
) =

❜✮ (−2) · 3
5
= ❢✮ (−9) · 12

13
=

❝✮ (−4) · (−2
7
) = ❣✮ 0 · 24

7
=

❞✮ 6 · (−5
3
) = ❤✮ 7 · (−21

14
) =

✷✳✷✼✳ ❱②♣♦↔()❡❥)❡✿

❛✮

1
2
· (−4

3
) = ❡✮ (−11

13
) · 1

2
=

❜✮

2
6
· 7
2
= ❢✮

6
8
· 11

3
=

❝✮

2
9
· (−9

2
) = ❣✮ (−16

17
) · 2

5
=

❞✮

4
7
· (−3

2
) = ❤✮ (−13

15
) · (−5

3
) =

✷✳✷✽✳ ❱②♣♦↔()❡❥)❡✿

❛✮ (− 9
11
) · 5

4
= ❡✮ (−27

8
) · 64

3
=

❜✮

7
6
· 9
4
= ❢✮

39
4
· (−84

3
) =

❝✮

12
4
· (−16

3
) = ❣✮ (− 36

100
) · (−5

6
) =

❞✮

45
60
· (−6

5
) = ❤✮

18
225
· (−15

2
) =

✷✳✷✾✳ ❱②♣♦↔+,❡❥,❡✿

❛✮ (−21
3
) · 44

7
= ❡✮ 32

6
· (−72

4
) =

❜✮ (−23
4
) · (−7

6
) = ❢✮ (−76

7
) · 31

9
=

❝✮ 1 3
13
· (−5

4
) = ❣✮ (−81

3
) · (−1

5
) =

❞✮ (−21
4
) · (−16

18
) = ❤✮ 82

4
· (−1 3

17
) =

✼✼



✷✳✸✵✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ (−2
3
) · 12

18
· (−24

32
) = ❡✮

18
5
· (− 30

108
) · 36

12
=

❜✮

13
15
· (−45

26
) · 40

60
= ❢✮ (−13

30
) · (−90

65
) · (−60

18
) =

❝✮

49
69
· 3
7
· 138

14
= ❣✮ (−14

3
) · 36

42
· 15
24

=

❞✮ (− 8
27
) · 9

24
· (−36

6
) = ❤✮

7
5
· (−25

28
) · 60

50
=

✷✳✸✶✳ ❱②♣♦↔)*❡❥*❡✿

❛✮

4
5
· (−0, 3) = ❡✮ (−44

6
) · 0, 48 =

❜✮ (−21
6
) · (−0, 3) = ❢✮ 1 8

10
· (−3, 4) =

❝✮

5
10
· 4, 3 = ❣✮ (−8

5
) · 2, 4 =

❞✮ 34
7
· 0, 35 = ❤✮ 53

5
· (−0, 25) =

✸✳✷✳✹ ❉➙❧❡♥) *❛❝✐♦♥/❧♥)❝❤ ↔)2❡❧

7♦❦✉❞ ❞➙❧)♠❡ ❞✈➙ ❦❧❛❞♥? ♥❡❜♦ ❞✈➙ ③?♣♦A♥? ↔)B❧❛✱ ❥❡ ✈DB❧❡❞❡❦ ✈➸❞② ❦❧❛❞♥D✳

7♦❦✉❞ ❥❡ ❥❡❞♥♦ ↔)B❧♦ ③?♣♦A♥F✱ ❥❡ ✈DB❧❡❞❡❦ ③?♣♦A♥D✳ 7♦❦✉❞ ❞➙❧)♠❡ ♥✉❧✉ ❥❛❦D♠✲

❦♦❧✐✈ ↔)B❧❡♠✱ ❥❡ ✈DB❧❡❞❡❦ ♥✉❧❛✱ ♥✉❧♦✉ ❞➙❧✐* ♥❡❧③❡✳

❉➙❧)♠❡✲❧✐ ↔)B❧♦ ↔)B❧❡♠ −1✱ ✈DB❧❡❞❡❦ ❥❡ ↔)B❧♦ ♦♣❛↔♥F✳

❩❧♦♠❦② ❞➙❧)♠❡ *❛❦✱ ➸❡ ♣A✈♥) ③❧♦♠❡❦ ♦♣)➨❡♠❡✱ ❞A✉❤D ③❧♦♠❡❦ ♣➦❡✈A?*)♠❡ ❛ ♦❜❛

③❧♦♠❦② ✈②♥?B♦❜)♠❡✳

✷✳✸✷✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ 2, 25 : 0, 5 = ❡✮ 4, 37 : 1, 9 =

❜✮ (−2, 25) : 0, 5 = ❢✮ (−4, 37) : 1, 9 =

❝✮ 2, 25 : (−0, 5) = ❣✮ 4, 37 : (−1, 9) =

❞✮ (−2, 25) : (−0, 5) = ❤✮ (−4, 37) : (−1, 9) =

✼✽



✷✳✸✸✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 6, 6 : (−2) = ❡✮ 0, 39 : 0, 3 =

❜✮ (−4, 8) : 0, 8 = ❢✮ 8, 1 : 0, 09 =

❝✮ 0, 15 : (−5) = ❣✮ 5, 6 : (−8) =

❞✮ (−4, 9) : (−0, 7) = ❤✮ (−2, 4) : (0, 04) =

✷✳✸✹✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 96 : (−1, 2) = ❡✮ (−14, 7) : 7 =

❜✮ (−4, 2) : 0, 3 = ❢✮ 50, 4 : 0, 9 =

❝✮ 0, 9 : 0, 05 = ❣✮ 1, 5 : (−0, 6) =

❞✮ 1, 14 : 1, 9 = ❤✮ (−25, 3) : 1, 1 =

✷✳✸✺✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 5, 75 : (−2, 3) = ❡✮ 25, 5 : (−8, 5) =

❜✮ 9 : (−36) = ❢✮ (−6) : 2, 4 =

❝✮ (−2, 34) : (−6) = ❣✮ 50, 4 : (−12) =

❞✮ 54 : (−1, 5) = ❤✮ (−1, 68) : (−3) =

✷✳✸✻✳ ❱②♣♦↔()❡❥)❡✿

❛✮ (−7, 68) : 1, 6 = ❡✮ (−63) : 1, 5 =

❜✮ 14, 16 : (−5, 9) = ❢✮ (−4, 62) : (−21) =

❝✮ (−7, 2) : 16 = ❣✮ 16, 8 : (−3) =

❞✮ 26, 7 : 3 = ❤✮89, 7 : (−1, 3) =

✼✾



✷✳✸✼✳ ❱②♣♦↔)*❡❥*❡✿

❛✮

2
3
: (−2

3
) = ❡✮ (−12

15
) : (−4

5
) =

❜✮

4
5
: 7
20

= ❢✮ (−14
3
) : 7

9
=

❝✮ (−7
3
) : 4

15
= ❣✮

6
21

: (−3
7
) =

❞✮

6
10

: (−4
5
) = ❤✮ (−14

15
) : (−2

5
) =

✷✳✸✽✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ 21
3
: (−53

5
) = ❡✮ 43

6
: (−9

2
) =

❜✮ (−33
8
) : (−33

2
) = ❢✮ 76

7
: 55

3
=

❝✮ 3 3
12

: (−3
4
) = ❣✮ (−43

6
) : (−3

2
) =

❞✮ (−22
5
) : 3

2
= ❤✮ 82

5
: (−7

9
) =

✷✳✸✾✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ 66
7
: (−8

3
) = ❡✮ 44

9
: (−2 8

36
) =

❜✮ (−54
9
) : 7

3
= ❢✮ (−60

28
) : 90

56
=

❝✮ 95
7
: 4 = ❣✮ (−14

55
) : (− 28

220
) =

❞✮ 71
5
: 9 = ❤✮ 62

8
: (−2 8

16
) =

✷✳✹✵✳ ❱②♣♦↔)*❡❥*❡✿

❛✮ 6 : 1
2
= ❡✮ 102 : 30

20
=

❜✮ 29 : 14
16

= ❢✮ 168 : 8
16

=

❝✮ 43 : 15
20

= ❣✮ 213 : 36
40

=

❞✮ 95 : 20
25

= ❤✮ 1231 : 40
25

=

✽✵



✸✳✸ ❈♦ ✉➸ ✈'♠❡ ✲ ❘❛❝✐♦♥0❧♥' ↔'3❧❛

✸✳✶✳ ❱②♣♦↔()❡❥)❡✿

❛✮ 3 · (−0, 12)− (−0, 14) · 6 = ❡✮ (−1, 5) : 5 + 0, 18 : (−3) =

❜✮ (−10, 2) : (−3) + 12 · (0, 03) = ❢✮ 3, 9 : (−13)− (−2, 8) : 4 =

❝✮ (−1, 8) · (−0, 2)− (−1, 2) · 0, 4 = ❣✮ 0, 72 : (−6) + (−60) : (−0, 5) =

❞✮ (−0, 8) · 0, 3 + (−4, 9) : 7 = ❤✮ (−8, 4) : (−0, 6)− (−7) : 0, 5 =

✸✳✷✳ ❱②♣♦↔()❡❥)❡✿

❛✮

3·2·(−0,4)
2·2·(−0,2)

= ❡✮

16·(−3)·0,6
3·(−0,3)·0,04

=

❜✮

5·(−0,3)·0,2
2·1,5·(−0,2)

= ❢✮

2,1·3·0,4
3·0,3(−7)

=

❝✮

6·0,3·(−2)
0,2·0,3(−3)

= ❣✮

2,8·0,3·(−2)
0,2·1,2·7

=

❞✮

7·0,1·(−4)
70·0,2·(−0,1)

= ❤✮

3,3·6·0,3
(−0,9·2·0,3)

=

✸✳✸✳ ❱②♣♦↔()❡❥)❡✿

❛✮

4
8
+ 2

16

−3 4
32

= ❡✮

14
15

+ (− 4
30
)

(−1 5
35
)

=

❜✮

6
7
+ (− 3

21
)

224
63

= ❢✮

(− 5
17
) + 3

51

(−2 8
68
)

=

❝✮

16
20

+ (− 5
40
)

5 4
10

= ❣✮

12
23

+ 14
69

1 43
207

=

❞✮

(−4
9
) + 25

36

411
44

= ❤✮

(−14
25
) + 12

75

(−3 30
150

)
=

✽✶



✸✳✹✳ ❱②♣♦↔()❡❥)❡✿

❛✮ (3
5
+ 7

3
− 1 2

15
) : 0, 6 = ❡✮ [3

9
+ (−21

4
) + 5

12
] : 5 =

❜✮ [5
8
+ (−3

4
)− 2

16
] : (−5) = ❢✮ [4

7
+ 4

14
− (− 4

21
)] : 7 =

❝✮ (32
3
+ 41

2
− 7

6
) : (−0, 5) = ❣✮ [5

4
+ (−2

3
)− 5

6
] : (−0, 05) =

❞✮ (4
6
+ 72

3
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❚♦♠✉+♦ ✈③+❛❤✉ ➦"❦$♠❡✱ ➸❡ ❥❡ ♣➦"♠♦ %♠➙'♥A✳

✶✵✵





❯ ♣➦#❦❧❛❞➲ )♠➙,♥♦/0✐ ③♥3♠❡ 0➦✐ ❤♦❞♥♦0② ❛ ↔0✈,0♦✉ ❞♦♣♦↔#03✈3♠❡✱ ❛ 0♦ ♣♦✲

♠♦❝# 0,♦❥↔❧❡♥❦②✳

 ➦"❦❧❛❞✿ ◆❛ 0,➸✐➨0✐ /0♦❥# ✷ ❦❣ ❥❛❜❧❡❦ ✸✹✱✲❑↔✳ ❑♦❧✐❦ ❜✉❞♦✉ /030 ✸ ❦❣❄

✭J➦#♠3 )♠➙,♥♦/0✮

↑ ✷ ❦❣ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✸✹ ❑↔ ↑

↑ ✸ ❦❣ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳x ❑↔ ↑

✖✖✖✖✖✖✖✖✖✖✖✖✖✲

x : 34 = 3 : 2
x
34

= 3
2

x = 3
2
· 34

x = 51

✸ ❦❣ ❥❛❜❧❡❦ /0♦❥# ✺✶ ❑↔✳

 ➦"❦❧❛❞✿ ❆✉0♦♠♦❜✐❧ ❥❡❞❡ ,②❝❤❧♦/0# ✾✵ ❦♠/❤ ❛ ✉❥❡❞❡ ✉,↔✐0♦✉ ✈③❞3❧❡♥♦/0

③❛ ✼✷ ♠✐♥✳ ❩❛ ❥❛❦ ❞❧♦✉❤♦ ✉❥❡❞❡ /0❡❥♥♦✉ ✈③❞3❧❡♥♦/0✱ ♣♦❦✉❞ ♣♦❥❡❞❡ ,②❝❤❧♦/0#

✼✵ ❦♠/❤❄ ✭♥❡♣➦#♠3 )♠➙,♥♦/0✮

↓ ✾✵ ❦♠/❤ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ✼✷ ♠✐♥ ❂ 112
60
❤ ↑

↓ ✽✵ ❦♠/❤ ✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳✳ ① ♠✐♥ ❂ ① ❤ ↑

✖✖✖✖✖✖✖✖✖✖✖✖✖✲

x : 112
60

= 90 : 80

x

112
60

=
90

80

x = 90
80
· 112

60

x = 9
8
· 72
60

x = 3
1
· 9
20

x = 27
20

= 81
60

x = 1, 35

❚✉ /❛♠♦✉ ❞,3❤✉ ✉❥❡❞❡ ③❛ 1, 35 ❤♦❞✐♥② = 81 ♠✐♥✳

✶✵✷



✶✳✶✳ ❉♦♣❧➡ ❞♦ (❛❜✉❧❦② ❝❡♥② ③❛ ♠♥♦➸4(✈6 ♥787♠❦➲✱ ❦(❡8; ✈②8♦❜6 <❡(8❛✳ ❑♦❧✐❦

4✐ ✈②❞➙❧7✱ ❦❞②➸ ♣8♦❞7 ✈➨❡❝❤♥②❄

◆78❛♠❦② ✶ ✷ ✸ ✹ ✽ ✶✻ ✸✷ ✸✽ ✹✵

❈❡♥❛ ✼✱✺✵

✶✳✷✳ ❱②♣♦↔6(❡❥ 4♣♦(➦❡❜✉ ❛✉(❛ ♥❛ ✶✵✵ ❦♠✱ ♣♦❦✉❞ ✈6➨✱ ➸❡ ➦✐❞✐↔ ✈♦③✉ ✉❥❡❧ ✺✺✵ ❦♠

♥❛ ✸✸ ❧✳

✶✳✸✳ ❑♦❧✐❦ ✉(8➸6 ♣❡❦❛➦❦❛ ③❛ ✷✷✺ ❤♦✉4❡❦✱ ❦❞②➸ ✈6♠❡✱ ➸❡ ③❛ ✽✹ ❑↔ ♣8♦❞❛❧❛

✶✷ ❤♦✉4❡❦❄

✶✳✹✳ ❱ ❥❡❞♥; ❦8❛❜✐❝✐ ❥❡ ✶✷ ❥♦❣✉8(➲✳ ❈❡❧7 4(♦❥6 ✶✸✹✱✹ ❑↔✳ ❑♦❧✐❦ ❜✉❞❡ 4(7( ✽✵

❥♦❣✉8(➲❄

✶✳✺✳ ❘♦❞✐♥❛ 4❡ 8♦③❤♦❞❧❛ ❥❡( ♥❛ ❝❤❛(✉ ♥❛ ❦♦❧❡❝❤✳ ❈❡4(❛ ❞❧♦✉❤7 ✷✹ ❦♠ ❥✐♠

(8✈❛❧❛ ✶❤ ❛ ✶✷ ♠✐♥✳ ❩♣➙( ♣♦❥❡❞♦✉ ♦❦❧✐❦♦✉ ❞❧♦✉❤♦✉ ✸✷ ❦♠✳ ❩❛ ❥❛❦ ❞❧♦✉❤♦ ❜✉✲

❞♦✉ ❞♦♠❛❄

✶✳✻✳ ❑♦♠♣❧❡(♥6 ✈U♠➙♥❛ ♣➙(✐ ♦❦❡♥ (8✈7 ❞✈➙♠❛ ❞➙❧♥6❦➲♠ ✸✻✺ ♠✐♥✉(✳

❏❛❦ ❞❧♦✉❤♦ ❥✐♠ ❜✉❞❡ (8✈❛( ✈U♠➙♥❛ ✶✷ ♦❦❡♥✳ ❱U4❧❡❞❡❦ ♥❛♣✐➨ ✈ ❤♦❞✐♥7❝❤✳

✶✳✼✳ <❛♥ ◆♦✈7❦ ✈6✱ ➸❡ ❥❡❤♦ ➨❡4( ❦87❧6❦➲ 4♥6 ③❛ ✸ ♠➙46❝❡ ✵✱✺✹ W 4❡♥❛✳ ❉♥❡4

4✐ ♣➦✐✈❡③❧ ✸ ♥♦✈; ❦87❧6❦②✳ ❏❛❦♦✉ ❜✉❞♦✉ ♠6( (❡↕ ❦87❧6❝✐ 4♣♦(➦❡❜✉ 4❡♥❛ ♥❛ (➦✐

♠➙46❝❡❄

✶✳✽✳ ❷(②➦✐ 4(❡❥♥➙ ✈U❦♦♥♥7 ↔❡8♣❛❞❧❛ ♥❛♣✉4(6 ❜❛③;♥ ③❛ ✽ ❤♦❞✐♥✳

❩❛ ❥❛❦ ❞❧♦✉❤♦ ♥❛♣✉4(6 4(❡❥♥U ❜❛③;♥ ✻ ↔❡8♣❛❞❡❧❄

✶✳✾✳ <❡♣❛✱ ❍♦♥③❛ ❛ ❉❛♥ ✉❦❧6③❡❧✐ ❧❡4 ♦❞ ♦❞♣❛❞❦➲✳ <8✈♥6 ❞❡♥ ❥✐♠ (♦ ③❛❜8❛❧♦

✾ ❤♦❞✐♥✳ ❉8✉❤U ❞❡♥ ❥✐♠ ♣➦✐➨❧✐ ♥❛ ♣♦♠♦❝ ▼♦♥✐❦❛ 4 ▲✉❝❦♦✉✳ ❩❛ ❥❛❦ ❞❧♦✉❤♦

✉❦❧✐❞✐❧✐ 4(❡❥♥➙ ✈❡❧❦U ^4❡❦ ❧❡4❛❄

✶✵✸



✶✳✶✵✳ ❯❜②&♦✈)♥+ ✈❡ ❞✈♦✉❧➲➸❦♦✈3♠ ♣♦❦♦❥✐ 8&♦❥+ ♥❛ ♥♦❝ ✾✾✵✱✲ ❑↔✳ ❑♦❧✐❦ ❜②

8&)❧♦ ✉❜②&♦✈)♥+ ♥❛ ✼✱ ✾✱ ✶✷ ❛ ✶✺ ♥♦❝+❄

✶✳✶✶✳ ❱ ❦E)♠➙ 8&♦❥+ ✸❦❣ ❦E)❧✐↔+❤♦ ♠❛8❛ ✺✸✼✱✲ ❑↔✳ ❑♦❧✐❦ ③❛♣❧❛&+ ♣❛♥+ ◆♦✲

✈)❦♦✈)✱ ❦❞②➸ ♥❛❦♦✉♣+ ✶✷ ❦❣ ♠❛8❛❄

✶✳✶✷✳ ❏❡❞♥♦ ❦✐❧♦ ❥❛❜❧❡❦ 8&♦❥+ ✷✸✱✺✵ ❑↔✳ ❑♦❧✐❦ ❜✉❞❡ 8&)& ✺✱ ✻✱ ✽✱ ✶✶✱ ✶✺ ❛ ✷✸ ❦❣

❥❛❜❧❡❦❄

✶✳✶✸✳ O❛♥+ ▼❛E❦♦✈) ♥❛&❛♥❦♦✈❛❧❛ ✶✽ ❧ ♥❛❢&② ③❛ ✺✽✺✱✲ ❑↔✳ ❑♦❧✐❦ ❜② ③❛♣❧❛&✐❧❛ ③❛

✸✺ ❧ ♥❛❢&②❄

✶✳✶✹✳ ❈②❦❧✐8&3 ❥❡❧✐ ♣♦ E♦✈✐♥➙ E②❝❤❧♦8&+ ✷✺ ❦♠/❤ ❛ ❝❡8&❛ ❥✐♠ &E✈❛❧❛ ✼ ❤♦❞✐♥✳

O❛❦ ♣➦✐➨❧❛ 8&❡❥♥➙ ❞❧♦✉❤) &E❛8❛✱ ❛❧❡ 8 ♠+E♥V♠ 8&♦✉♣)♥+♠ ❛ ❥❡❥✐❝❤ E②❝❤❧♦8& 8❡

③♠➙♥✐❧❛ ♥❛ ✶✺ ❦♠/❤✳ ❏❛❦ ❞❧♦✉❤♦ ❥✐♠ ❜✉❞❡ &E✈❛& ❞E✉❤V W8❡❦ ❝❡8&②❄

✶✳✶✺✳ ❩ ✐♥&❡E♥❡&✉ 8✐ 8&)❤♥❡♠❡ 8♦✉❜♦E ③❛ ✺✻✵ 8❡❦✉♥❞ ♣➦✐ E②❝❤❧♦8&✐ ✐♥&❡E♥❡&✉

✻ ▼❜✐&/8✳ ❩❛ ❥❛❦ ❞❧♦✉❤♦ 8❡ ♥)♠ 8&)❤♥❡ 8&❡❥♥V 8♦✉❜♦E ♣➦✐ E②❝❤❧♦8&✐ ✽ ▼❜✐&/8❄

✶✳✶✻✳ ❑♦❧✐❦ ❦✐❧♦❣E❛♠➲ ↔❡E8&✈V❝❤ ❥❛❜❧❡❦ ❥❡ &➦❡❜❛ ♥❛ ✷✹✵ ❦❣ 8✉➨❡♥V❝❤ ❥❛❜❧❡❦✱

❥❡8&❧✐➸❡ ③ ✵✱✽ &✉♥ ↔❡E8&✈V❝❤ ❥❛❜❧❡❦ ③+8❦)♠❡ ✶✺✵ ❦❣ 8✉➨❡♥V❝❤ ❥❛❜❧❡❦❄

✶✳✶✼✳ O❛♥+ ◆♦✈)❦♦✈) ♠) ✶✻ 8❧❡♣✐❝✳ OE➲♠➙E♥➙ 8♥❡8♦✉ ③❛ ✸ ♠➙8+❝❡ ✶✵✵✽ ✈❛✲

❥❡❝✳ ❑♦❧✐❦ ✈❛❥❡❝ 8♥❡8♦✉ E♦↔♥➙❄

✶✳✶✽✳ ❩❛ ✶✷ ❤♦❞✐♥ 8❡8&❛✈✐❧✐ ✈ ❞+❧♥➙ ✽✻ 8♦✉↔)8&❡❦✱ ③❛ ❥❛❦ ❞❧♦✉❤♦ 8❡8&❛✈+ ✶✻✵

8♦✉↔)8&❡❦❄

✶✳✶✾✳ ✾ ❞➙❧♥+❦➲ ✈②E♦❜+ ③❛ 8♠➙♥✉ ✻✹✽ 8♦✉↔)8&❡❦✳ ❑♦❧✐❦ 8♦✉↔)8&❡❦ ✈②E♦❜+ ③❛

8♠➙♥✉ ✶✺ ❞➙❧♥+❦➲❄

✶✳✷✵✳ ❑♦❧✐❦ ❤❡❦&♦❧✐&E➲ ❧✐❤✉ 8❡ ③+8❦) ③ ✷✻ & ❜E❛♠❜♦E✱ ❥❡8&❧✐➸❡ ③ ✽ & ❜E❛♠❜♦E

8❡ ✈②E♦❜+ ✶✵✱✷ ❤❧ ❧✐❤✉❄

✶✵✹



✶✳✷✶✳ ◆❛ %❧❛✈♥♦%*♥+ ♣-♦%*➦❡♥+ %*♦❧➲ ③❛ ❞✈➙ ❤♦❞✐♥② ❥❡ ♣♦*➦❡❜❛ ✷ ↔+➨♥+❦➲✳ ❑♦❧✐❦

❥✐❝❤ ❥❡ ♣♦*➦❡❜❛✱ ❛❜② %❡ *♦ %*✐❤❧♦ ❞♦ ✶✺ ♠✐♥❄

✶✳✷✷✳ B❛*♥C❝* ❞➙❧♥+❦➲ ♣-♦✈❡❞❡ ✈D❦♦♣ ③❛ ✷✵ ❞♥+✳ ❩❛ ❥❛❦ ❞❧♦✉❤♦ ❜② ♣-♦✈❡❞❧♦

*②*♦ ③❡♠♥+ ♣-C❝❡ ✶✷ ❞➙❧♥+❦➲❄

✶✳✷✸✳ ❙✉➨❡♥J ❤♦✉❜② ♦ ❤♠♦*♥♦%*✐ ✾✵✵ ❣ ♦❜%❛❤✉❥+ ✶✵✽ ❣ ✈♦❞②✳ ❑♦❧✐❦ ❣-❛♠➲

✈♦❞② ♦❜%❛❤✉❥❡ ✶✱✺ ❦❣ %✉➨❡♥D❝❤ ❤✉❜❄

✶✳✷✹✳ ❩❛ ❥❛❦ ❞❧♦✉❤♦ ♦♣-❛❝✉❥❡ ✽ ❞➙❧♥+❦➲ ✷✻✹✵ %♦✉↔C%*❡❦✱ ❦❞②➸ ♦%♠♥C❝* ❞➙❧♥+❦➲

♦♣-❛❝✉❥❡ ③❛ ✺ %♠➙♥ ✾✾✵✵ %♦✉↔C%*❡❦

✶✳✷✺✳ ◆❛ ♦❞↔❡-♣C♥+ ✈♦❞② ③❛ ✶✵ ❤♦❞✐♥ ❥❡ ♣♦*➦❡❜❛ ✶✻ ↔❡-♣❛❞❡❧✳

❩❛ ❥❛❦ ❞❧♦✉❤♦ ❥✐ ♦❞↔❡-♣C ✷✵ ↔❡-♣❛❞❡❧❄

✶✳✷✻✳ ❋✐-♠❛ ❞♦%*❛❧❛ ③❛❦C③❦✉✱ ❦*❡-♦✉ ✹ ❞➙❧♥+❝✐ %♣❧♥+ ③❛ ✻✹ ❤♦❞✐♥✳ B♦ ✶✷ ❤♦✲

❞✐♥C❝❤ ♠✉%❡❧✐ ❞✈❛ ❞➙❧♥+❝✐ ♦❞❡❥+* ♥❛ ❥✐♥♦✉ ♣-C❝✐✳ ❩❛ ❥❛❦ ❞❧♦✉❤♦ ❜✉❞❡ ③❛❦C③❦❛

%♣❧♥➙♥❛❄

✶✳✷✼✳ ❱D-♦❜✉ ❥❡❞♥J %♦✉↔C%*❦② ③✈❧C❞♥♦✉ ✹ %*-♦❥❡ ③❛ ✽✱✺ ❤♦❞✐♥②✳ ❩❛ ❥❛❦ ❞❧♦✉❤♦

❜② ❥✐ ③✈❧C❞❧♦ ✻ %*-♦❥➲❄

✶✳✷✽✳ ➆❡%* ❝✉❦-C➦❡❦ ✈②-♦❜+ ③❛ ❞✈➙ ❤♦❞✐♥② ✻✵ ③C❦✉%❦➲✳ ❑♦❧✐❦ ❝✉❦-C➦❡❦ ❥❡ ♣♦✲

*➦❡❜❛ ♣-♦ ✈D-♦❜✉ ✷✹✵ ③C❦✉%❦➲ ③❛ ❞✈➙ ❤♦❞✐♥②❄

✶✳✷✾✳ ❇❛③J♥ %❡ ♥❛♣♦✉➨*+ *➦❡♠✐ ♣➦+✈♦❞② ③❛ ✽✹ ❤♦❞✐♥✳ B♦ ✸✷ ❤♦❞✐♥C❝❤ ❜②❧②

♣➦✐❞C♥② ❥❡➨*➙ ❞❛❧➨+ ❞✈❛ ♣➦+✈♦❞②✳ ❩❛ ❦♦❧✐❦ ❤♦❞✐♥ %❡ ❜❛③J♥ ♥❛♣✉%*+❄

✶✳✸✵✳ ❉♥❡% %✐ ♣❛♥ ▼+❦❛ ✈❡ %♠➙♥C-♥➙ ✈②♠➙♥✐❧ ↔❡%❦J ❦♦-✉♥② ③❛ ❡✉-❛✳

❩❛ ✽ ✸✵✻✱✲ ❑↔ ❞♦%*❛❧ ✸✷✵ ➾✳ ❑♦❧✐❦ ➾ ❞♦%*❛♥❡ ❥❡➨*➙ *❡♥ ❞❡♥ ③❛ ✷ ✻✺✻✱✲ ❑↔❄

❩❛♦❦-♦✉❤❧❡*❡ ♥❛ ❝❡❧J ↔+%❧♦✳

✶✵✺



A[0; 3] E[−5; 7]

B[−2; 3] F [−4; 6]

C[4;−5] G[6;−6]

D[−3;−4] H[−1;−1]

y = 1
2

ABCDEFGH

y = 12
x

x = {2; 3; 4; 6; 12; 24; }



y = 4x

x = {3
8
; 1
2
; 1; 2; 3; 4; 5; }

y = 36
x

x = {2; 3; 4; 6; 8; 9; 12; 18; }

y = 2
3
x

x = {3; 6; 9; 12; 15; 18; }

A[−5; 4] E[−3; 1]

B[−2; 2] F [8; 6]

C[2; 8] G[6;−3]

D[−1;−8] H[3;−1]

ABCDEFGH



✷✳✶✵✳ ❱②③♥❛↔*❡ ✈ -♦✉-*❛✈➙ -♦✉➦❛❞♥✐❝ *②*♦ ❜♦❞②✿

A[2; 5] E[5; 9]

B[0;−4] F [−5;−9]

C[1;−6] G[−3;−9]

D[−4; 2] H[4;−4]

✶✵✽



✺✳✸ ❱$%❧❡❞❦② ✲ ✺✳ ❦❛♣✐/♦❧❛

✶✳✶✳

◆!"❛♠❦② ✶ ✷ ✸ ✹ ✽ ✶✻ ✸✷ ✸✽ ✹✵

❈❡♥❛ ✼✱✺✵ ✶✺ ✷✷✱✺ ✸✵ ✻✵ ✶✷✵ ✷✹✵ ✷✽✺ ✸✵✵

✶✳✷✳ ✻ ❧❀

✶✳✸✳ ✶✺✼✺❀

✶✳✹✳ ✻✼✷❀

✶✳✺✳ ✶✱✻ ❤❀

✶✳✻✳ ✶✹✱✻ ❤❀

✶✳✼✳ ✵✱✽✶7❀

✶✳✽✳ 51
3
❤❀

✶✳✾✳ ✺✱✹ ❤❀

✶✳✶✵✳

❉♥② ✶ ✼ ✾ ✶✷ ✶✺

❈❡♥❛ ✾✵ ✻✾✸✵ ✽✾✶✵ ✶✶ ✽✽✵ ✶✹✽✺✵

✶✳✶✶✳ ✷✶✹✽❀

✶✳✶✷✳

❦❣ ✶ ✺ ✻ ✽ ✶✶ ✶✺ ✷✸

❈❡♥❛ ✷✸✱✺✵ ✶✶✼✱✺✵ ✶✹✶ ✶✽✽ ✷✺✽✱✺✵ ✸✺✷✱✺✵ ✺✹✵✱✺✵

✶✳✶✸✳ ✶✶✸✼✱✺✵❀

✶✳✶✹✳ 112
3
❤❀

✶✳✶✺✳ ✹✷✵❀

✶✳✶✻✳ ✶✷✽✵ ❦❣❀

✶✳✶✼✳ ✹✵✸✷❀

✶✳✶✽✳ 2214
43
❀

✶✳✶✾✳ ✶✵✽✵❀

✶✳✷✵ ✸✸✱✶✺❀

✶✳✷✶✳ ✶✻❀

✶✳✷✷✳ ✷✺❀

✶✳✷✸✳ ✶✽✵ ❣❀

✶✳✷✹✳ ✸ ;♠➙♥②❀

✶✳✷✺✳ ✽ ❤❀

✶✵✾



✶✳✷✻✳ ✶✶✻❤❀

✶✳✷✼✳ 52
3
❀

✶✳✷✽✳ ✷✹❀

✶✳✷✾✳ ✻✸✱✷ ❤❀

✶✳✸✵✳ ✶✵✷ ➾❀

✷✳✷

① ✷ ✹ ✻ ✽ ✶✵ ✶✷ ✶✹ ✶✺ ✶✻

y = 1
2
① ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✼✱✺ ✽

✷✳✸✳

A[−2; 3] E[−1;−1]

B[1; 2] F [4; 1]

C[3;−3] G[−3; 4]

D[5;−1] H[−2; 1]

✷✳✹✳

① ✷ ✸ ✹ ✻ ✶✷ ✷✹

y = 12
x

✻ ✹ ✸ ✷ ✶ ✵✱✺

✷✳✺✳

①

3
8

1
2

✶ ✷ ✸ ✹ ✺

y = 4x ✶✱✺ ✷ ✹ ✽ ✶✷ ✶✻ ✷✵

✷✳✻✳

① ✷ ✸ ✹ ✻ ✽ ✾ ✶✷ ✶✽

y = 36
x

✶✽ ✶✷ ✾ ✻ ✹✱✺ ✹ ✸ ✷

✷✳✼✳

① ✸ ✻ ✾ ✶✷ ✶✺ ✶✽

y = 2
3
x ✷ ✹ ✻ ✽ ✶✵ ✶✷

✷✳✾✳

A[1; 2] E[−2; 2]

B[2;−1] F [−3; 1]

C[3;−4] G[−2;−1]

D[1;−2] H[5; 4]

✶✶✵
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()♦ ③+❜❛✈✉ ❛ ③❛♠②➨❧❡♥4

 ➦"❦❧❛❞② ❥)♦✉ ③ ♠❛.❡♠❛.✐❝❦2 )♦✉.➙➸❡ ❑❧♦❦❛♥ ③ 7➲③♥9❝❤ 7♦↔♥"❦➲ ❦❛.❡❣♦7✐❡

❇❡♥❥❛♠"♥✱ ↔❡7♣❛♥2 ③ ✇✇✇✳♠❛.❡♠❛.✐❝❦②❦❧♦❦❛♥✳♥❡.

✶✳ ❉➦❡✈➙♥♦✉ ❦+②❝❤❧✐ ♦ ♦❜❥❡♠✉ ✶ ♠

3
+♦③➦❡➸❡♠❡ ♥❛ ♠❡♥➨8 ❦+②❝❤❧❡ ♦ ♦❜❥❡♠✉

✶ ❞♠

3
✳ ❚②;♦ ❦+②❝❤❧❡ <;❛✈8♠❡ ❥❡❞♥✉ ♥❛ ❞+✉❤♦✉ ❞♦ ✈②<♦❦= ✈➙➸❡✳ ❯+↔❡;❡ ♥❡❥✲

✈➙;➨8 ♠♦➸♥♦✉ ✈A➨❦✉ ;=;♦ ✈➙➸❡✳ ✭+♦❦ ✷✵✵✼ ✮

❛✮ ✶ ♠ ❜✮ ✶✵ ♠ ❝✮ ✶✶✵ ♠ ❞✮ ✶ ✵✵✵ ♠ ❡✮ ✶✵✵ ♠

✷✳ ◆❛ ;➦❡❝❤ <;+♦♠❡❝❤ <❡❞➙❧♦ ❞♦❤+♦♠❛❞② ✻✵ ✈+❛♥✳ ❱ ❥❡❞♥✉ ❝❤✈8❧✐ ♦❞❧❡;➙❧♦ ③

♣+✈♥8❤♦ <;+♦♠✉ ✻ ✈+❛♥✱ ③ ❞+✉❤=❤♦ <;+♦♠✉ ✽ ✈+❛♥ ❛ ③❡ ;➦❡;8❤♦ <;+♦♠✉ ✹ ✈+N♥②✳

◆❛ ❦❛➸❞=♠ <;+♦♠➙ ♣♦;♦♠ ③➲<;❛❧ <❡❞➙; <;❡❥♥A ♣♦↔❡; ✈+❛♥✳ ❑♦❧✐❦ ✈+❛♥ <❡❞➙❧♦

♥❛ ③❛↔N;❦✉ ♥❛ ❞+✉❤=♠ <;+♦♠➙❄ ✭ +♦❦ ✷✵✵✼ ✮

❛✮ ✷✻ ❜✮ ✷✹ ❝✮ ✷✷ ❞✮ ✷✶ ❡✮ ✷✵

✶✶✶



✸✳ ❱ ❦♦❝♦✉'❦♦✈➙ ♠❛❥- ❞♦♠② ♥❛ ♣'❛✈2 34'❛♥➙ ❷-3❡❧♥2 ✉❧✐❝❡ ✈➸❞② ❧✐❝❤; ↔-3❧❛

♣♦♣✐3♥;✳ ❖❜②✈❛4❡❧2 ❑♦❝♦✉'❦♦✈❛ ♦✈➨❡♠ ♥❡♣♦✉➸-✈❛❥- ↔-3❧❛✱ ❦4❡'; ♦❜3❛❤✉❥- ↔-3✲

❧✐❝✐ ✸✳ ❏❡✲❧✐ ♣'✈♥- ❞➲♠ ♥❛ ♣'❛✈2 34'❛♥➙ ✉❧✐❝❡ ♦③♥❛↔❡♥ ↔-3❧❡♠ ✶✱ ❥❛❦2 ↔-3❧♦ ♠;

♣❛4♥;❝4G ❞➲♠ ✈ 42➸❡ ➦❛❞➙❄ ✭'♦❦ ✷✵✶✶✮

❛✮ ✷✾ ❜✮ ✹✶ ❝✮ ✹✸ ❞✮ ✹✺ ❡✮ ✹✼

✹✳ ❱❡ ❦4❡'2♠ ♣➦-♣❛❞➙ ❞♦34❛♥❡♠❡ ♥❡❥♠❡♥➨- ✈G3❧❡❞❡❦❄✭'♦❦ ✷✵✵✽✮

❛✮ 2 + 0 + 0 + 8 ❜✮ 200 : 8 ❝✮ 2 · 0 · 0 · 8 ❞✮ 200− 8 ❡✮ 8 + 0 + 0− 2

✺✳ ❷-♠ ♥❛❤'❛❞-➨ ∗✱ ❛❜② ♣❧❛4✐❧❛ '♦✈♥♦34 1 + 1 ∗ 1− 2 = 100❄✭'♦❦ ✷✵✵✽✮

❛✮ + ❜✮ − ❝✮ ① ❞✮ ✵ ❡✮ ✶

✻✳ ▲✉❦;➨ 4✈'❞-✱ ➸❡ V❛✈❡❧ ❧➸❡✳ V❛✈❡❧ ➦-❦;✱ ➸❡ ❧➸❡ ▼❛'❡❦✳ ▼❛'❡❦ ♣♦✈-❞;✱ ➸❡ ❧➸❡

V❛✈❡❧✳ ❖♥❞'❛ ♣'❛✈-✱ ➸❡ ❧➸❡ ▲✉❦;➨✳ ❑♦❧✐❦ ❝❤❧❛♣❝➲ ❧➸❡❄ ✭'♦❦ ✷✵✶✶✮

❛✮ ➸;❞♥G ❜✮ ✶ ❝✮ ✷ ❞✮ ✸ ❡✮✹

✼✳ V➦❡❞34❛✈ 3✐✱ ➸❡ ♠;➨ ✶✵✽ ↔❡'✈❡♥G❝❤ ❦✉❧✐↔❡❦ ❛ ✶✽✵ ③❡❧❡♥G❝❤ ❦✉❧✐↔❡❦✳ ❱➨❡❝❤♥②

♠✉3-4❡ '♦③❞➙❧✐4 ❞♦ 3;↔❦➲ 4❛❦✱ ❛❜② ♣♦♠➙' ♣♦↔4✉ ↔❡'✈❡♥G❝❤ ❦✉❧✐↔❡❦ ❦✉ ♣♦↔4✉

③❡❧❡♥G❝❤ ❦✉❧✐↔❡❦ ❜②❧ ✈ ❦❛➸❞2♠ 3;↔❦✉ 34❡❥♥G✳ ❏❛❦G ♥❡❥♠❡♥➨- ♣♦↔❡4 ❦✉❧✐↔❡❦ ♠➲➸❡

❜G4 ✈ ❥❡❞♥♦♠ 3;↔❦✉❄ ✭'♦❦ ✷✵✵✹✮

❛✮ ✷✽✽ ❜✮ ✸✻ ❝✮ ✶✽ ❞✮ ✽ ❡✮ ✶

✽✳ ❑♦❧✐❦ ❤♦❞✐♥ ❥❡ ♣♦❧♦✈✐♥❛ 4➦❡4✐♥② ↔4✈'4✐♥② ❞♥❡❄✭'♦❦ ✷✵✵✺✮

❛✮ ✷ ❤♦❞✐♥② ❜✮ ✶ ❤♦❞✐♥❛ ❝✮

1
2
❤♦❞✐♥② ❞✮

1
3
❤♦❞✐♥② ❡✮

1
4
❤♦❞✐♥②

✶✶✷



✾✳ ❑❧♦❦❛♥ ❙)❛♥❞❛ +❦,↔❡ /②❝❤❧♦+)3 ✹ +❦♦❦② ③❛ ✻ +❡❦✉♥❞✳ ❩❛ ❦♦❧✐❦ +❡❦✉♥❞ ✉❞➙❧,

✶✵ +❦♦❦➲❄✭ /♦❦ ✷✵✵✼ ✮

❛✮ ✶✵ + ❜✮ ✶✷ + ❝✮ ✶✺ + ❞✮ ✶✽ + ❡✮ ✷✵ +

✶✵✳ ❑♦❧♠♦ ♥❛❞ ➦❡❦♦✉ ➨✐/♦❦♦✉ ✶✷✵ ♠❡)/➲ ❥❡ ♣♦+)❛✈❡♥ ♥♦✈L ♠♦+)✳ ❷)✈/)✐♥❛

♠♦+)✉ +❡ )②↔3 ♥❛❞ ❧❡✈L♠ ❜➦❡❤❡♠ ❛ ↔)✈/)✐♥❛ ♠♦+)✉ ♥❛❞ ❜➦❡❤❡♠ ♣/❛✈L♠✳ ❏❛❦

❞❧♦✉❤L ❥❡ ♠♦+)❄✭ /♦❦ ✷✵✵✾ ✮

❛✮ ✶✺✵ ♠ ❜✮ ✶✽✵ ♠ ❝✮ ✷✶✵ ♠ ❞✮ ✷✹✵ ♠ ❡✮ ✷✼✵ ♠

✶✶✸
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✶✳ ❡✮ ✶✵✵ ♠❀

✷✳ ❝✮ ✷✷❀

✸✳ ❡✮ ✹✼❀

✹✳ ❝✮ ✷ ① ✵ ① ✵ ① ✽❀

✺✳ ❞✮ ✵❀

✻✳ ❝✮ ✷❀

✼✳ ❞✮ ✽❀

✽✳ ❜✮ ✶ ❤♦❞✐♥❛❀

✾✳ ❝✮ ✶✺ 8❀

✶✵✳❞✮ ✷✹✵ ♠❀

✶✶✹



❑❛♣✐$♦❧❛ ✼

❙❤♦❞♥♦,$ $-♦❥/❤❡❧♥1❦➲

✼✳✶ ❙❤♦❞♥♦() ❣❡♦♠❡)-✐❝❦1❝❤ 2)✈❛-➲

❙❤♦❞♥%♠✐ ()✈❛,②✱ ♥❛③%✈0♠❡ )②✱ ❦)❡,3 4❡ ♣♦ ♣➦❡4✉♥✉)8 ♣➦❡❦,%✈❛❥8✳

❩♥❛❦ ♣,♦ 4❤♦❞♥♦4) ❥❡

∼=✳

✶✳✶✳ ❩❛♣✐➨)❡ ♣♦♠♦❝8 ③♥❛❦✉

∼=✱ ❦)❡,3 ③ (4❡↔❡❦ ❥4♦✉ 4❤♦❞♥3✿

|AB| = ✸✵ ♠♠ |GH| = ✵✱✸ ❞♠

|CD| = ✻ ❦♠ |IJ | = ✵✱✻ ♠

|EF | = ✻ ❞♠ |KL| = ✻✵ ✵✵✵ ❞♠

✶✳✷✳ ❩❛♣✐➨)❡ ♣♦♠♦❝8 ③♥❛❦✉

∼=✱ ❦)❡,3 ③ (❤❧➲ ❥4♦✉ 4❤♦❞♥3✿

|ABC| = ✸✻➦ |KLM | = ✸✻➦

|EFG| = ✸✻✵➦ |NOP | = ✶✷➦

|HIJ | = ✶✷➦ |QRS| = ✶✽✵➦

✶✳✸✳ H➦8♠❦❛ p ♣,♦❝❤0③8 ,♦✈✐♥♦✉ )❛❦✱ ➸❡ ❥✐ ❞➙❧8 ♥❛ ❞✈➙ 4❤♦❞♥3 ↔04)✐✳ ❏❛❦ ❞♦

♦❜,0③❦✉ ♣➦❡4 ♣➦8♠❦✉ ✉♠84)8➨✿

❛✮ ♣➦8♠❦✉❀ ❜✮ ❦,✉❤❀ ❝✮ ♦❜❞3❧♥8❦✱ ❞✮ ),♦❥(❤❡❧♥8❦✱ ❡✮ ↔)✈❡,❡❝

)❛❦✱ ❛❜② ❥❡❥✐❝❤ ↔04)✐ ❜②❧② 4❤♦❞♥3❄

✶✶✺





ABC A B C

α α

β β

γ γ

△ABC ∼= △DEF

AB ∼= 6 ABC ∼=

AC ∼= 6 CAB ∼=

BC ∼= 6 BCA ∼=



ABCD a =

B D

A C

EFGH e =

f = S



a = b =

v

V

t

T

2 : 1
1
3

ABC c =

a = B



✸✳✷✳ ◆❛%&'✉❥*❡ '✐ *%♦❥.❤❡❧♥2❦ KLM ✱ ✉ ♥➙❤♦➸ ③♥8♠❡ |KL| = ✶✷ ❝♠✱

|LM | = ✼ ❝♠ ❛ | 6 KLM | = ✻✺➦✳ ❙❡'*%♦❥*❡ ❥❡❤♦ ♣➦2'❧✉➨♥C ✈&➨❦②✳

✸✳✸✳ ◆❛%&'✉❥*❡ '✐ ♣%❛✈♦.❤❧& *%♦❥.❤❡❧♥2❦ ABC✱ ✈ ♥➙♠➸ ③♥8*❡ c = ✼ ❝♠✱

a = ✾ ❝♠ ❛ '❡'*%♦❥*❡ ❥❡❤♦ ✈&➨❦②✳ G%❛✈& .❤❡❧ ❥❡ ♣➦✐ ✈%❝❤♦❧✉ B✳

✸✳✹✳ ◆❛%&'✉❥*❡ '✐ *%♦❥.❤❡❧♥2❦ OPQ✱ ✉ ♥➙❤♦➸ ③♥8♠❡ |OP | = ✶✵ ❝♠✱

|PQ| = ✻ ❝♠ ❛ | 6 OPQ| = ✽✵➦✳ ❙❡'*%♦❥*❡ ❥❡❤♦ ♣➦2'❧✉➨♥C *➙➸♥✐❝❡✳

✸✳✺✳ ◆❛%&'✉❥*❡ '✐ *%♦❥.❤❡❧♥2❦ ABC✱ ✉ ❦*❡%C❤♦ ③♥8*❡ c = ✽✹ ♠♠✱

α = ✻✺➦ ❛ β = ✹✽➦ ❛ '❡'*%♦❥*❡✿

❛✮ ♣%➲'❡↔2❦ T

❜✮ ♣%➲'❡↔2❦ V

✼✳✹ ❱➙%❛ '''✱ ✈➙%❛ '✉'✱ ✈➙%❛ ✉'✉ ❛ ❙'✉

❱➙*❛ sss ③♥❛♠❡♥8 '❤♦❞♥♦'* ❞✈♦✉ *%♦❥.❤❡❧♥2❦➲ ✈❡ ✈➨❡❝❤ *➦❡❝❤ ❞✈♦❥✐❝2❝❤ '*%❛♥✳

❚%♦❥.❤❡❧♥2❦ ❞❧❡ ③♥8♠&❝❤ *➦2 '*%❛♥ ❧③❡ '❡'*%♦❥✐* *❡❤❞②✱ ♣♦❦✉❞ ❥❛❦&❦♦❧✐✈ '♦✉↔❡*

❞✈♦✉ '*%❛♥ ③ *%♦❥.❤❡❧♥2❦✉ ❥❡ ✈➙*➨2 ♥❡➸ '*%❛♥❛ *➦❡*2✳

❱➙*❛ sus ③♥❛♠❡♥8 '❤♦❞♥♦'* ❞✈♦✉ *%♦❥.❤❡❧♥2❦➲ ✈❡ ❞✈♦✉ '*%❛♥8❝❤ ❛ .❤❧✉ ❥✐♠✐

'❡✈➦❡♥C♠✳

❱➙*❛ usu ③♥❛♠❡♥8 '❤♦❞♥♦'* ❞✈♦✉ *%♦❥.❤❡❧♥2❦➲ ✈ ❥❡❞♥C '*%❛♥➙ ❛ ❞✈♦✉ .❤❧❡❝❤

❦ ♥2 ♣➦✐❧❡❤❧&❝❤✳

❱➙*❛ Ssu ③♥❛♠❡♥8 '❤♦❞♥♦'* ❞✈♦✉ ♣%❛✈♦.❤❧&❝❤ *%♦❥.❤❡❧♥2❦➲ ✈ ♣➦❡♣♦♥➙ ❛

❥❡❞♥C ♦❞✈➙'♥➙ ❛ '❤♦❞♥♦'* ❞✈♦✉ *%♦❥.❤❡❧♥2❦➲ ✈❡ ❞✈♦✉ '*%❛♥8❝❤ ❛ .❤❧✉✱ ❧❡➸2❝2♠

♣%♦*✐ ❞❡❧➨2 ③ ♥✐❝❤✳

✶✷✵



✹✳✶✳ ❙❡%&'♦❥&❡ &'♦❥*❤❡❧♥.❦ ABC✱ ❥❡❤♦➸ '♦③♠➙'② ❥%♦✉ a = ✺ ❝♠✱ b = ✻ ❝♠

❛ c = ✼ ❝♠✳

✹✳✷✳ ◆❛♣✐➨&❡ ♣♦%&✉♣ ❦♦♥%&'✉❦❝❡ ❛ %❡%&'♦❥&❡ &'♦❥*❤❡❧♥.❦ ABC ♦ '♦③♠➙'❡❝❤

a = ✾ ❝♠✱ b = ✽✵ ♠♠ ❛ c = ✵✱✶✷ ♠

✹✳✸✳ ❙❡%&'♦❥&❡ &'♦❥*❤❡❧♥.❦ EFG % '♦③♠➙'② e = ✺✵ ♠♠✱ f = ✶✱✷ ❞♠ ❛

g = ✶✱✺ ❞♠ ❛ % ♥.♠ %❤♦❞♥F &'♦❥*❤❡❧♥.❦ ABC✳

✹✳✹✳ ❚'♦❥*❤❡❧♥.❦ ABC ♠H ❞I❧❦② %&'❛♥ a = b = ✽ ❝♠✱ c = ✶✶ ❝♠✳

▼➲➸❡ % ♥.♠ ❜F& %❤♦❞♥F &'♦❥*❤❡❧♥.❦ % ♦❜✈♦❞❡♠ ✷✼ ❝♠❄

✹✳✺✳ ❚❡♥&♦ ♣♦%&✉♣ ♥❛♣✐➨&❡ %&'✉↔♥➙ ❛ ♥❛'F%✉❥&❡✿

❛✮ ♥❛'F%✉❥&❡ *%❡↔❦✉ EF ♦ ❞I❧❝❡ ✶✵ ❝♠

❜✮ ♥❛'F%✉❥&❡ ❦'✉➸♥✐❝✐ k1 %❡ %&➦❡❞❡♠ E ❛ ♣♦❧♦♠➙'❡♠ ✻ ❝♠

❝✮ ♥❛'F%✉❥&❡❦'✉➸♥✐❝✐ k2 %❡ %&➦❡❞❡♠ F ❛ ♣♦❧♦♠➙'❡♠ ✽❝♠

❞✮ ♦③♥❛↔&❡ ♣'➲%❡↔.❦ k1 ❛ k2 ♣.%♠❡♥❡♠ G

❡✮ ♦③♥❛↔&❡ ❞'✉❤F ♣'➲%❡↔.❦ ♣.%♠❡♥❡♠ H

❢✮ ♥❛'F%✉❥&❡ ♣➦.♠❦② p ❛ p1✱ ❦&❡'I ♣'♦❝❤H③❡❥. ❜♦❞❡♠ E ❛ ❜♦❞② G ❛ H

❣✮ ♥❛'F%✉❥&❡ ♣➦.♠❦✉ q ❛ q1✱ ❦&❡'I ♣'♦❝❤H③❡❥. ❜♦❞❡♠ F ❛ ❜②❞② G ❛ H

✹✳✻✳ ❩❛♣✐➨&❡ ❞❧❡ *❞❛❥➲ ♣♦%&✉♣ ❦♦♥%&'✉❦❝❡ ❛ ♥❛'F%✉❥&❡ △CDE✱

❦❞❡ |CD| = ✻ ❝♠✱ |DE| = ✽ ❝♠ ❛ | 6 CDE| = ✹✺➦✳

✹✳✼✳ ◆❛'F%✉❥&❡ &'♦❥*❤❡❧♥.❦ ABC✱ ✈❡ ❦&❡'I♠ ③♥H&❡ c = ✶✷ ❝♠✱ a = ✽ ❝♠ ❛

| 6 ABC| = ✸✻➦ ❛ ❦ ♥➙♠✉ %❤♦❞♥F &'♦❥*❤❡❧♥.❦ EFG✳

✹✳✽✳ ❩❛♣✐➨&❡ ♣♦%&✉♣ ❦♦♥%&'✉❦❝❡ ❛ ♥❛'F%✉❥&❡ △KLM ✱ ❦❞❡ m = ✵✳✾ ❞♠✱

k = ✻✺ ♠♠ ❛ | 6 KLM | = ✻✺➦✳

✹✳✾✳ ▼H&❡ △ABC✱ ❦&❡'F ♠H ✈❡❧✐❦♦%& %&'❛♥② a = ✶✷ ❝♠✱ α = ✻✺➦✱

b = ✹ ❝♠ ❛ △EFG✱ ❦❞❡ ③♥H&❡ %&'❛♥✉ e = ✶✷ ❝♠✱ ǫ = ✻✺➦ ❛ f = 4❝♠✳

❇✉❞♦✉ %❤♦❞♥I❄

✶✷✶



✹✳✶✵✳ ❚❡♥'♦ ♣♦*'✉♣ ❦♦♥*'-✉❦❝❡ '-♦❥0❤❡❧♥3❦✉ ❖5◗ ③❛♣✐➨'❡ ❛ '-♦❥0❤❡❧♥3❦ ♥❛-;*✉✲

❥'❡✿

❛✮ ♥❛-;*✉❥'❡ *✐ 0*❡↔❦✉ OP ✱ ❦'❡-A ❥❡ ❞❧♦✉❤A ✶✵ ❝♠

❜✮ ♥❛-;*✉❥'❡ 0❤❡❧ * -❛♠❡♥❡♠ OP ✱ ❦'❡-; ❥❡ ✈❡❧❦; ✹✽➦

❝✮ ♥❛-;*✉❥'❡ 0*❡↔❦✉ PQ ♦ ✈❡❧✐❦♦*'✐ ✽✵ ♠♠

❞✮ ♥❛-;*✉❥'❡ 0*❡↔❦✉ OQ

✹✳✶✶✳ ◆❛♣✐➨'❡ ♣♦*'✉♣ ❦♦♥*'-✉❦❝❡ ❛ ♥❛-;*✉❥'❡ △DEF ✱ ♣♦❦✉❞ ③♥A'❡ *'-❛♥✉

f = ✶✺ ❝♠ ❛ 0❤❧② | 6 GEF | = ✹✽➦ ❛ | 6 EFG| = ✻✷➦✳

✹✳✶✷✳ ◆❛-;*✉❥'❡ △ABC✱ ✈ ♥➙♠➸ ③♥A'❡ c = ✼✺ ♠♠✱ α = ✻✹➦ ❛ β = ✽✹➦ ❛

❦ ♥➙♠✉ *❤♦❞♥; '-♦❥➲❤❡❧♥3❦ EFG✳

✹✳✶✸✳ ❩❛♣✐➨'❡ ♣♦*'✉♣ ❦♦♥*'-✉❦❝❡ ❛ ♥❛-;*✉❥'❡ △CDE✱ ♦ ♥➙♠➸ ③♥A'❡ '♦'♦✿

e = ✶✽ ❝♠✱ | 6 ECD| = ✸✺➦❛ | 6 CDE| = ✼✼➦✳

✹✳✶✹✳ 5-❛✈♦0❤❧; '-♦❥0❤❡❧♥3❦ ABC ♠A ✈❡❧✐❦♦*' 0❤❧✉ α = ✹✽➦✳ ❇✉❞❡ *❤♦❞♥; *

'3♠'♦ '-♦❥0❤❡❧♥3❦❡♠ ✐ '-♦❥0❤❡❧♥3❦ KLM ✱ ❦'❡-; ♠A 0❤❡❧ δ = ✹✽➦❄

✹✳✶✺✳ ❚❡♥'♦ ♣♦*'✉♣ ♥❛♣✐➨'❡ *'-✉↔♥➙ ❛ ♥❛-;*✉❥'❡✿

❛✮ ♥❛-;*✉❥'❡ 0*❡↔❦✉ IJ ✱ ❦'❡-A ♠A ✈❡❧✐❦♦*' ✶✸ ❝♠

❜✮ ♥❛-;*✉❥'❡ 0❤❡❧ KIJ ✱ ❦'❡-; ♠A ✈❡❧✐❦♦*' ✼✷➦

❝✮ ♥❛-;*✉❥'❡ 0❤❡❧ IJK✱ ❦'❡-; ♠A ✈❡❧✐❦♦*' ✹✻➦

❞✮ ♥❛-;*✉❥'❡ ❜♦❞ K✱ ❥❛❦♦ ♣-➲*❡↔3❦ 0❤❧➲ KIJ ❛ IJK

❡✮ ❞♦❦♦♥↔❡'❡ '-♦❥0❤❡❧♥3❦

✹✳✶✻✳ ◆❛-;*✉❥'❡ ♣-❛✈♦0❤❧; '-♦❥0❤❡❧♥3❦ ABC✱ ✈ ♥➙♠➸ ③♥A'❡✿ |BC| = ✺ ❝♠✱

|AB| = ✽ ❝♠ ❛ ♣-❛✈; 0❤❡❧ ❥❡ ♣➦✐ ✈-❝❤♦❧✉ C✳

✹✳✶✼✳ ◆❛-;*✉❥'❡ ♣-❛✈♦0❤❧; '-♦❥0❤❡❧♥3❦ OPQ✱ ♦ ♥➙♠➸ ✈3'❡✱ ➸❡ *'-❛♥❛

o = ✻ ❝♠✱ q = ✶✵ ❝♠ ❛ ♣-❛✈; 0❤❡❧ ❥❡ ♣➦✐ ✈-❝❤♦❧✉ Q✳

✶✷✷



ABC a =

b = β =

KLM l =

k = | 6 MKL| =

ABC b =

c = γ =







|AB| = 6 ABX



✺✳✷✳ ◆❛%&'✉❥*❡ '✐ *%♦❥.❤❡❧♥2❦ ABC✱ ✉ ♥➙❤♦➸ ③♥8*❡ c = ✽ ❝♠✱ a = ✼ ❝♠ ❛

b = ✻ ❝♠✳ ◆❛%&'✉❥*❡ ♦'② ✈➨❡❝❤ '*%❛♥✳

✺✳✸✳ ◆❛%&'✉❥*❡ '✐ *%♦❥.❤❡❧♥2❦ ABC✱ ✉ ♥➙❤♦➸ ③♥8*❡ c = ✾ ❝♠✱ a = ✻ ❝♠ ❛

| 6 ABC| = ✾✵➦ ' '❡'*%♦❥*❡ ❥❡❤♦ ❦%✉➸♥✐❝✐ ♦♣'❛♥♦✉✳

✺✳✹✳ ◆❛%&'✉❥*❡ '✐ *%♦❥.❤❡❧♥2❦ DEF ✱ ❦*❡%& ♠8 ❞G❧❦② '*%❛♥ f = ✼ ❝♠✱

d = ✺ ❝♠ ❛ e = ✾ ❝♠ ❛ '❡'*%♦❥*❡✿

❛✮ ❦%✉➸♥✐❝✐ ♦♣'❛♥♦✉ *%♦❥.❤❡❧♥2❦✉ DEF

❜✮ ❦%✉➸♥✐❝✐ ✈❡♣'❛♥♦✉ *%♦❥.❤❡❧♥2❦✉ DEF

✺✳✺✳ ◆❛%&'✉❥*❡ '✐ *%♦❥.❤❡❧♥2❦ ABC✱ ✉ ❦*❡%G❤♦ ③♥8*❡ c = ✽✵ ♠♠✱ α = ✼✾➦

❛ β = ✺✺➦ ❛ '❡'*%♦❥*❡✿

❛✮ ❦%✉➸♥✐❝✐ ♦♣'❛♥♦✉ *%♦❥.❤❡❧♥2❦✉ ABC

❜✮ ❦%✉➸♥✐❝✐ ✈❡♣'❛♥♦✉ *%♦❥.❤❡❧♥2❦✉ ABC

✺✳✻✳ ◆❛%&'✉❥*❡ '✐ *%♦❥.❤❡❧♥2❦ KLM ✱ ❥❡♥➸ ❥❡ ❞8♥ '*%❛♥♦✉ m = ✶✵ ❝♠✱ '*%❛♥♦✉

l = ✽✵ ♠♠ ❛ .❤❧❡♠ | 6 MKL| = ✶✵✷➦ ❛ '❡'*%♦❥*❡✿

❛✮ ❦%✉➸♥✐❝✐ ♦♣'❛♥♦✉ *%♦❥.❤❡❧♥2❦✉ KLM

❜✮ ❦%✉➸♥✐❝✐ ✈❡♣'❛♥♦✉ *%♦❥.❤❡❧♥2❦✉ KLM

✺✳✼✳ ◆❛%&'✉❥*❡ '✐ *%♦❥.❤❡❧♥2❦ ABC✱ ✉ ❦*❡%G❤♦ ③♥8*❡ c = ✼✻ ♠♠✱ α = ✹✽➦

❛ β = ✼✺➦ ❛ '❡'*%♦❥*❡✿

❛✮ ❦%✉➸♥✐❝✐ ♦♣'❛♥♦✉ *%♦❥.❤❡❧♥2❦✉ ABC

❜✮ ❦%✉➸♥✐❝✐ ✈❡♣'❛♥♦✉ *%♦❥.❤❡❧♥2❦✉ ABC

✶✷✼



✺✳✽✳ ◆❛%&'✉❥*❡ '✐ *%♦❥.❤❡❧♥2❦ ABC✱ ✉ ❦*❡%5❤♦ ③♥7*❡ c = ✶✵ ♠♠✱ α = ✾✵➦

❛ b = ✶✶ ❝♠ ❛ '❡'*%♦❥*❡✿

❛✮ ❦%✉➸♥✐❝✐ ♦♣'❛♥♦✉ *%♦❥.❤❡❧♥2❦✉ ABC

❜✮ ❦%✉➸♥✐❝✐ ✈❡♣'❛♥♦✉ *%♦❥.❤❡❧♥2❦✉ ABC

✺✳✾✳ ◆❛%&'✉❥*❡ '✐ ❦%✉➸♥✐❝✐ k ' ♣♦❧♦♠➙%❡♠ ✹ ❝♠ ❛ '*➦❡❞❡♠ S ❛ ♣%❛✈♦.❤❧&

△ABC ' ♣%❛✈&♠ .❤❧❡♠ ✉ ✈%❝❤♦❧✉ C *❛❦✱ ❛❜② ♠✉ ❜②❧❛ ❦%✉➸♥✐❝❡ ♦♣'7♥❛ ❛

|AC| =✸ ❝♠✳

✺✳✶✵✳ ◆❛%&'✉❥*❡ '✐ ❦%✉➸♥✐❝✐ k ' ♣♦❧♦♠➙%❡♠ ✻ ❝♠ ❛ '*➦❡❞❡♠ S ❛ ♣%❛✈♦.❤❧&

△KLM ' ♣%❛✈&♠ .❤❧❡♠ ✉ ✈%❝❤♦❧✉ M *❛❦✱ ❛❜② ♠✉ ❜②❧❛ ❦%✉➸♥✐❝❡ ♦♣'7♥❛ ❛

|KM | =✺ ❝♠✳

✶✷✽



❑❛♣✐$♦❧❛ ✽

❙$➦❡❞♦✈- .♦✉♠➙2♥♦.$

✽✳✶ #➦✐♣♦♠❡➡♠❡ ✲ ❖-♦✈/ -♦✉♠➙2♥♦-4

❱ ♦"♦✈$ "♦✉♠➙(♥♦"*✐ ♣❧❛*/✿

❖❜(❛③❡♠ 5"❡↔❦② ❥❡ 5"❡↔❦❛ " ♥/ "❤♦❞♥<✳

❖❜(❛③❡♠ 5❤❧✉ ❥❡ 5❤❡❧ " ♥/♠ "❤♦❞♥>✳

❖❜(❛③❡♠ *(♦❥5❤❡❧♥/❦✉ ❥❡ *(♦❥5❤❡❧♥/❦ " ♥/♠ "❤♦❞♥>✳

❏❡ *♦ *❡❞② "❤♦❞♥$ ③♦❜(❛③❡♥/ ♣➦❡" ♦"✉ o✳

✶✳✶✳ ❙❡"*(♦❥*❡ "✐ ❦(✉➸♥✐❝✐ k(S; r = 7❝♠) ❛ ♦"✉ o✱ ❦*❡(< "❡ ❥/ ❞♦*>❦< ✈ ❥❡❞✲

♥♦♠ ❜♦❞➙✱ ♣♦*$ ♥❛(>"✉❥*❡ ♦"♦✈➙ "♦✉♠➙(♥♦✉ ❦(✉➸♥✐❝✐ ♣♦❞❧❡ ♦"② o✳

✶✳✷✳ ◆❛(>"✉❥*❡ "✐ (♦✈♥♦"*(❛♥♥> *(♦❥5❤❡❧♥/❦ ABC ♦ ✈❡❧✐❦♦"*✐ "*(❛♥② a = ✻

❝♠

❛ "❡"*(♦❥*❡ ❦ ♥➙♠✉ ✈➨❡❝❤♥② ❥❡❤♦ ♦"♦✈➙ "♦✉♠➙(♥$ ♦❜(❛③②✳ ❑❛➸❞< ③❡ "*(❛♥ *(♦✲

❥5❤❡❧♥/❦✉ ❧❡➸/ ♥❛ ❥❡❞♥$ ③ ♦" "♦✉♠➙(♥♦"*✐✳

✶✳✸✳ ◆❛(>"✉❥*❡ "✐ ↔*✈❡(❡❝ ♦ ✈❡❧✐❦♦"*✐ "*(❛♥② a = 6 ❝♠ ❛ "❡"*(♦❥*❡ ✈➨❡❝❤♥② ❥❡❤♦

♦"♦✈➙ "♦✉♠➙(♥$ ♦❜(❛③②✳ ❑❛➸❞< ③❡ "*(❛♥ ↔*✈❡(❝❡ ❧❡➸/ ♥❛ ❥❡❞♥$ ③ ♦" "♦✉♠➙(♥♦"*✐✳

✶✳✹✳ ◆❛(>"✉❥*❡ "✐ ↔*✈❡(❡❝ ABCD✱ ❦❞❡ a = ✽ ❝♠✱ ❛ ♦❜❞$❧♥/❦ EFGH✱

❦❞❡ e = ✶✷ ❝♠ ❛ f = ✻ ❝♠✳ ❯ ♦❜♦✉ "✐ ♥❛(>"✉❥*❡ ❥❡❞♥✉ 5❤❧♦♣➦/↔❦✉ ❥❛❦♦ ♦"✉ o

✶✷✾



❛ ✉"↔❡%❡✱ ❥❡(%❧✐ ❥(♦✉ ✈③♥✐❦❧0 %"♦❥1❤❡❧♥3❦② ♦(♦✈➙ (♦✉♠➙"♥0✳

✶✳✺✳ ❱②❜❡"%❡ (✐ (❛♠✐ ❥❛❦<❦♦❧✐✈ ♥✲1❤❡❧♥3❦ ❛ ♥❛"<(✉❥%❡ (✐ ❛❧❡(♣♦➡ ❞✈❛ ❥❡❤♦ ♦(♦✈➙

(♦✉♠➙"♥0 ♦❜"❛③② ♣♦❞❧❡ ♦(② o %❛❦✱ ➸❡ ❦❛➸❞B ③❡ (%"❛♥ ♥✲1❤❡❧♥3❦✉ ❧❡➸3 ♥❛ ❥❡❞♥0

③ ♦( (♦✉♠➙"♥♦(%✐✳

✽✳✷ ❙$➦❡❞♦✈* +♦✉♠➙/♥♦+$

◆➙❦%❡"0 ♦❜"❛③❝❡ ❥(♦✉ (♦✉♠➙"♥0 ♣♦❞❧❡ (%➦❡❞✉ S ❂ (%➦❡❞ (♦✉♠➙"♥♦(%✐✳

G"♦ S ♣❧❛%3 S = S➫✳ ❚❛❦♦✈< ❜♦❞ ♥❛③<✈B♠❡ (❛♠♦❞"✉➸♥< ❜♦❞✳ ❖❜"❛③ A➫ ❜♦❞✉

A ❧❡➸3 ♥❛ ♣➦3♠❝❡ A➫A (❡ (%➦❡❞❡♠ S✱ ✈❡ ❦%❡"0♠ ♣❧❛%3 |AS| = |A➫S|✳

❙%➦❡❞♦✈➙ (♦✉♠➙"♥0 ♣➦3♠❦② ❥(♦✉ "♦✈♥♦❜➙➸♥0✳

✷✳✶✳ ◆❛"<(✉❥%❡ 1(❡↔❦✉ |AB| = ✻ ❝♠ ❛ (%➦❡❞ S %❛❦✱ ❛❜② ♥❡❧❡➸❡❧ ♥❛ %0%♦ 1(❡↔❝❡✳

G❛❦ (❡(%"♦❥%❡ (%➦❡❞♦✈➙ (♦✉♠➙"♥< ♦❜"❛③ %0%♦ 1(❡↔❦②✳

✷✳✷✳ ◆❛"<(✉❥%❡ %"♦❥1❤❡❧♥3❦ ABC a = ✽ ❝♠✱ b = ✾ ❝♠ ❛ c = ✶✷ ❝♠ ❛

(%➦❡❞ S %❛❦✱ ❛❜② ❧❡➸❡❧ ♠✐♠♦ %❡♥%♦ %"♦❥1❤❡❧♥3❦✱ ♥❛"<(✉❥%❡ ❥❡❤♦ (%➦❡❞♦✈➙ (♦✲

✉♠➙"♥< ♦❜"❛③✳

✷✳✸✳ ◆❛"<(✉❥%❡ ❜♦❞② B ❛ B➫ %❛❦✱ ❛❜② ❜②❧② ♦❞ (❡❜❡ ✽ ❝♠✳ ❑❞❡ ❜✉❞❡ ❧❡➸❡%

❜♦❞ S❄

✶✸✵
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S

S



S



S

S



S



❑❛♣✐$♦❧❛ ✾

❘♦✈♥♦❜➙➸♥.❦

✾✳✶ ❷$②➦'❤❡❧♥,❦② ❛ /♦✈♥♦❜➙➸♥,❦②

 !♦ !♦✈♥♦❜➙➸♥(❦② ❛ ↔-②➦/❤❡❧♥(❦② ♣❧❛-(✿

❙♦✉↔❡- ✈➨❡❝❤ /❤❧➲ ✈ !♦✈♥♦❜➙➸♥(❦✉ ❥❡ ✸✻✵➦✳

❙♦✉↔❡- ?♦✉?❡❞♥(❝❤ /❤❧➲ ✈ !♦✈♥♦❜➙➸♥(❦✉ ❥❡ ✶✽✵➦✳

 !♦-➙❥➨( ?-!❛♥② !♦✈♥♦❜➙➸♥(❦✉ ❥?♦✉ ?❤♦❞♥C ❛ !♦✈♥♦❜➙➸♥C✳

 !♦-➙❥➨( /❤❧② ✈ !♦✈♥♦❜➙➸♥(❦✉ ♠❛❥( ?-❡❥♥♦✉ ✈❡❧✐❦♦?-✳

F❤❧♦♣➦(↔❦❛ ❞➙❧( !♦✈♥♦❜➙➸♥(❦ ♥❛ ❞✈❛ ?❤♦❞♥C -!♦❥/❤❡❧♥(❦②✳

F❤❧♦♣➦(↔❦② !♦✈♥♦❜➙➸♥(❦✉ ?❡ ♥❛✈③H❥❡♠ ♣➲❧(✳

❘♦③❡③♥H✈H♠❡ !♦✈♥♦❜➙➸♥(❦② ❦♦?♦/❤❧C ❛ ♣!❛✈♦/❤❧C✳

✶✳✶✳ ❙❡?-!♦❥-❡ ?✐ -!♦❥/❤❡❧♥(❦ ABC a = ✽ ❝♠✱ b = ✻ ❝♠ ❛ c = ✶✵ ❝♠✳

 ♦-C ❤♦ ❞♦♣❧➡-❡ ♥❛ ↔-②➦/❤❡❧♥(❦ ♣♦♠♦❝( ❜♦❞✉ D✳

✶✳✷✳ ❙❡?-!♦❥-❡ ❦♦?♦↔-✈❡!❡❝ ABCD✱ ✈❡ ❦-❡!C♠ ③♥H-❡ |AB| = ✻ ❝♠ ❛

β = ✹✺➦✳

✶✳✸✳ ❙❡?-!♦❥-❡ ♦❜❞C❧♥(❦ KLMN ✱ ✉ ❦-❡!C❤♦ ③♥H-❡ |KM | = ✶✵ ❝♠✱

| 6 KSL| = ✶✷✵➦✳ S ❥❡ ♣!➲?❡↔(❦ ❞✈♦✉ /❤❧♦♣➦(↔❡❦✳

✶✳✹✳ ❙❡?-!♦❥-❡ ❦♦?♦↔-✈❡!❡❝ EFGH✱ ❥?♦✉✲❧✐ ❞H♥② /❤❧♦♣➦(↔❦② ♦ ❞C❧❝❡ ✽ ❝♠✳

✶✸✻



✶✳✺✳ ❙❡%&'♦❥&❡ '♦✈♥♦❜➙➸♥/❦ ABCD✱ ✈❡ ❦&❡'2♠ ③♥5&❡ a = ✻ ❝♠✱ d = ✹ ❝♠

❛ |BD| = ✼ ❝♠✳

✶✳✻✳ ❙❡%&'♦❥&❡ '♦✈♥♦❜➙➸♥/❦ ABCD✱ ✈❡ ❦&❡'2♠ ③♥5&❡ a = ✾ ❝♠✱ b = ✻✵ ♠♠ ❛

β = ✶✷✵➦✳

✶✳✼✳ ❙❡%&'♦❥&❡ '♦✈♥♦❜➙➸♥/❦ ABCD✱ ✈❡ ❦&❡'2♠ ③♥5&❡ a = ✶✵ ❝♠✱ d = ✽ ❝♠ ❛

α = ✶✶✵➦✳

✶✳✽✳ ❙❡%&'♦❥&❡ ↔&✈❡'❡❝ KLMN % @❤❧♦♣➦/↔❦♦✉ ♦ ❞2❧❝❡ ✽ ❝♠✳

✶✳✾✳ ◆❛'H%✉❥&❡ %♦✉%&❛✈✉ %♦✉➦❛❞♥✐❝ ❛ ❞♦ ♥/ ③❛♥❡%&❡ ❜♦❞② A = [−4; 3]✱ B = [2; 1]

❛ C = [−2; 5]✳ ❙♣♦❥&❡ ❜♦❞② ❛ ❞♦♣❧➡&❡ ♥❛ '♦✈♥♦❜➙➸♥/❦✳

✶✳✶✵✳ ❙❡%&'♦❥&❡ ♦❜❞2❧♥/❦✱ ✉ ♥➙❤♦➸ ③♥5&❡ @❤❧♦♣➦/↔❦✉ u = ✽ ❝♠ ❛ @❤❡❧ %✈/'❛❥/❝/

% ❞'✉❤♦✉ @❤❧♦♣➦/↔❦♦✉ ❥❡ ✹✵➦✳

✶✳✶✶✳ ❙❡%&'♦❥&❡ ♦❜❞2❧♥/❦✱ ❥❡❤♦➸ %&'❛♥② ♠❛❥/ '♦③♠➙'✿

❛✮ a = ✻ ❝♠❀ b = ✹ ❝♠

❜✮ a = ✺✵ ♠♠❀ b = ✻ ❝♠

❝✮ a = ✼ ❝♠❀ b = ✸✺ ♠♠

✶✳✶✷✳ ❙❡%&'♦❥&❡ ↔&✈❡'❡❝✱ ❥❡❤♦➸ %&'❛♥❛ ❥❡✿

❛✮ ✺ ❝♠

❜✮ ✻✵ ♠♠

❝✮ ✸✺ ♠♠

✶✳✶✸✳ ❙❡%&'♦❥&❡ ♦❜❞2❧♥/❦✱ ❥❡❤♦➸ @❤❧♦♣➦/↔❦② ♠❛❥/ ❞2❧❦✉ ✶✵ ❝♠ ❛ %✈/'❛❥/

➲❤❡❧ ✼✵ ➦✳

✶✸✼



✶✳✶✹✳ ❙❡%&'♦❥&❡ ↔&✈❡'❡❝✱ ❥❡❤♦➸ 0❤❧♦♣➦4↔❦❛ ♠8 ❞:❧❦✉✿

❛✮ ✻ ❝♠

❜✮ ✺✺ ♠♠

❝✮ ✵✱✼ ❞♠

✶✳✶✺✳ ❙❡%&'♦❥&❡ ♦❜❞:❧♥4❦ ABCD✱ ✉ ❦&❡':❤♦ ③♥8&❡ a = ✼✱✺ ❝♠✱ u = ✻✱✺ ❝♠

❛ 0❤❡❧ | 6 ABS| = ✹✵➦✳

✶✸✽



✾✳✷ ❖❜✈♦❞ ❛ ♦❜)❛❤ +♦✈♥♦❜➙➸♥/❦✉

❘♦✈♥♦❜➙➸♥'❦

O = 2 · (a+ b)

S = a · va = b · vb

❷*✈❡,❡❝✿

O = 4 · a

S = a · a

❖❜❞1❧♥'❦✿

O = 2 · (a+ b)

S = a · b

✷✳✶✳ ❱②♣♦↔'*❡❥*❡ ♦❜✈♦❞ ♦❜❞1❧♥'❦✉✱ ❥❡❤♦➸ >*,❛♥② ♠❛❥' ,♦③♠➙,✿

❛✮ a = ✻ ❝♠✱ b = ✼ ❝♠

❜✮ a = ✶✹ ❝♠✱ b = ✷✵ ❝♠

❝✮ a = ✶✼✵ ♠♠✱ b = ✸✷✱✺ ❝♠

✷✳✷✳ ❱②♣♦↔'*❡❥*❡ ♦❜✈♦❞ ↔*✈❡,❝❡✱ ✉ ♥➙❤♦➸ ③♥I*❡✿

❛✮ a = ✶✷ ❝♠

❜✮ a = ✷✺✵ ♠♠

❝✮ a = ✵✱✽✺ ❞♠

✷✳✸✳ ❱②♣♦↔'*❡❥*❡ ♦❜✈♦❞ ❦♦>♦↔*✈❡,❝❡✱ ✉ ♥➙❤♦➸ ③♥I*❡✿

❛✮ a = ✷✷✱✺ ❝♠

❜✮ a = ✸✵ ❝♠

❝✮ a = ✽✵✵ ♠♠

✷✳✹✳ ❯,↔❡*❡ ❞1❧❦✉ >*,❛♥②✱ ♣♦❦✉❞ ✈'*❡✱ ➸❡ ♦❜>❛❤ ,♦✈♥♦❜➙➸♥'❦✉ ❥❡ ✸✻ ❝♠

2
❛

❞1❧❦❛ ✈L➨❦② ❥❡ ✹✱✺ ❝♠✳

✷✳✺✳ ❩ ❞,I*✉ ♠I*❡ ✈②,♦❜✐* ,I♠ ♥❛ ♠➦'➸❦✉ ❦,I❧'❦I,♥② > ,♦③♠➙,② ✺✵ ❝♠ ❛

✹✵ ❝♠✳ ❏❛❦ ❞❧♦✉❤L ❦✉> ❞,I*✉ ❜✉❞❡*❡ ♣♦*➦❡❜♦✈❛*❄

✷✳✻✳ ❩❛❤,❛❞❛ ♣❛♥❛ ❱,❝❤❧✐❝❦1❤♦✱ ✈❡ *✈❛,✉ ♦❜❞1❧♥'❦✉✱ ♠I ♣❧♦➨♥L ✈L♠➙, ✶ ✽✵✵

♠

2
❛ ➨'➦❦❛ ❥❡ ✸✵ ♠✳ ❏❛❦ ❥❡ ♣♦③❡♠❡❦ ❞❧♦✉❤L❄

✷✳✼✳ ❱②♣♦↔'*❡❥*❡ ♦❜>❛❤ ↔*✈❡,❝❡✱ ❥❡❤♦➸ >*,❛♥❛ a = ✼✺ ♠♠✳

✶✸✾



✷✳✽✳ ❱②♣♦↔()❡❥)❡ ❞-❧❦✉ 1)2❛♥② ❦♦1♦↔)✈❡2❝❡✱ ♣♦❦✉❞ ✈()❡✱ ➸❡ ♦❜✈♦❞ ❥❡ ✾✷ ❞♠✳

✷✳✾✳ ❖❜✈♦❞ ♦❜❞-❧♥(❦✉ ❥❡ ✶✽ ❝♠✳ ❉-❧❦❛ ♦❜❞-❧♥(❦✉ ❥❡ ❞✈❛❦2?) ✈➙)➨( ♥❡➸ ➨(➦❦❛✳

❱②♣♦↔()❡❥)❡ ♦❜1❛❤✳

✷✳✶✵✳ ❱②♣♦↔()❡❥)❡ ♦❜1❛❤ ♦❜❞-❧♥(❦✉✱ ③♥?)❡✲❧✐ ♦❜✈♦❞ ✶✷✵ ♠ ❛

➨(➦❦❛ ❥❡ ✷✵ ♠✳

✶✹✵



✾✳✸ ❱②❜&❛♥) ✈+,❧❡❞❦② ✲ &♦✈♥♦❜➙➸♥5❦

✷✳✶✳ ❛✮ ✷✻❀ ❜✮ ✻✽❀ ❝✮ ✾✾❀

✷✳✷✳ ❛✮ ✹✽❀ ❜✮ ✶✵✵✵❀ ❝✮ ✸✱✹❀

✷✳✸✳ ❛✮ ✾✵❀ ❜✮ ✶✷✵❀ ❝✮ ✸✷✵✵❀

✷✳✹✳ ✽❀

✷✳✺✳ ✶✽✵❀

✷✳✻✳ ✻✵❀

✷✳✼✳ ✺✻✷✺❀

✷✳✽✳ ✷✸❀

✷✳✾✳ ✶✽❀

✷✳✶✵✳ b = ✷✵ ♠❀ S ❂ ✻✵✵ ♠

2

✶✹✶



❑❛♣✐$♦❧❛ ✶✵

❚*♦❥,❤❡❧♥0❦ ❛ ❧✐❝❤♦❜➙➸♥0❦

▲✐❝❤♦❜➙➸♥)❦

❉✈➙ ♣.♦/➙❥➨) ③3❦❧❛❞♥② ❥8♦✉ .♦✈♥♦❜➙➸♥: ❛ ③❜;✈❛❥)❝) ❞✈➙ 8/.❛♥② ❥8♦✉ .➲③♥♦✲

❜➙➸♥:✳

▲✐❝❤♦❜➙➸♥)❦② ♠➲➸❡♠❡ .♦③❞➙❧✐/ ♥❛ ♣.❛✈♦A❤❧; ❧✐❝❤♦❜➙➸♥)❦✱ .♦✈♥♦.❛♠❡♥; ❧✐❝❤♦✲

❜➙➸♥)❦ ❛ ♦❜❡❝♥; ❧✐❝❤♦❜➙➸♥)❦✳

❩❛ ③3❦❧❛❞♥② 8❡ ✉ ❧✐❝❤♦❜➙➸♥)❦✉ ABCD ♣♦✈❛➸✉❥) |AB| ❛ |CD| ❛ .❛♠❡♥❛ ❧✐❝❤♦✲

❜➙➸♥)❦✉ ❥8♦✉ |BC| ❛ |AC|✳

❱;➨❦❛ ✈ ❧✐❝❤♦❜➙➸♥)❦✉ ❥❡ ❦♦❧♠3 ♥❛ ♦❜➙ ③3❦❧❛❞♥②✳

✶✵✳✶ ❖❜%❛❤ ()♦❥,❤❡❧♥0❦✉

S = a·va
2

= b·vb
2

= c·vc
2

✶✳✶✳ ❚.♦❥A❤❡❧♥)❦ ABC ♠3 ❞:❧❦✉ 8/.❛♥② c = ✾✻ ♠♠ ❛ ♣➦)8❧✉➨♥♦✉ ✈;➨❦✉

✸✷ ♠♠✳ ❱②♣♦↔)/❡❥/❡ ♦❜8❛❤ /♦❤♦/♦ /.♦❥A❤❡❧♥)❦✉✳

✶✳✷✳ ❖❜8❛❤ /.♦❥A❤❡❧♥)❦✉ ❥❡ ✷✼ ❞♠

2
❛ ❥❡❤♦ ✈;➨❦❛ ❥❡ ✻ ❞♠✳ ❏❛❦ ❞❧♦✉❤3 ❥❡ ❥❡❤♦

8/.❛♥❛❄

✶✳✸✳ ❱②♣♦↔)/❡❥/❡ ♦❜8❛❤ ♣.❛✈♦A❤❧:❤♦ /.♦❥A❤❡❧♥)❦✉ EFG 8 ♣.❛✈;♠ A❤❧❡♠ ✉

✈.❝❤♦❧✉ F ✱ ❦/❡.; ♠3 ❞:❧❦② 8/.❛♥ e = ✶✻ ❝♠ ❛ g = ✶✽ ❝♠✳

✶✹✷



✶✳✹✳ ❱②♣♦↔()❡❥)❡ ♦❜-❛❤ )0♦❥1❤❡❧♥(❦✉ ABC✿

❛✮ a = ✼ ❝♠✱ va = ✺ ❝♠

❜✮ b = ✼✻ ♠♠✱ vb = ✹✵ ♠♠

❝✮ c = ✶✹✱✻ ❞♠✱ vc = ✶✷ ❞♠

✶✳✺✳ ❱②♣♦↔()❡❥)❡ ♦❜-❛❤ )0♦❥1❤❡❧♥(❦✉ ABC✱ ❥❡❤♦➸ -)0❛♥❛ b = ✺✻ ❝♠ ❛

vb = ✸✷ ❝♠✳

✶✳✻✳ ❯0↔❡)❡ -)0❛♥✉ c✱ ♣♦❦✉❞ ✈()❡✱ ➸❡ ♦❜-❛❤ ❥❡ ✺✽✽ ♠♠ ❛

vc = ✷✽ ♠♠✳

✶✳✼✳ ❱②♣♦↔()❡❥)❡ ♦❜-❛❤ ♣0❛✈♦1❤❧F❤♦ )0♦❥1❤❡❧♥(❦✉ ❑▲▼ - ♣0❛✈J♠ 1❤❧❡♠ ✉

✈0❝❤♦❧✉ L✱ ♣♦❦✉❞ ❥❡❤♦ -)0❛♥② ❥-♦✉ k = ✶✷ ❝♠ ❛ m = ✸✻ ❝♠✳

✶✳✽✳ ❯0↔❡)❡ -)0❛♥✉ b✱ ♣♦❦✉❞ ✈()❡✱ ➸❡ ♦❜-❛❤ ❥❡ ✹✵✹✱✷✹ ❞♠ ❛ vb = ✷✹✱✽ ❞♠

2
✳

✶✳✾✳ ❱②♣♦↔()❡❥)❡ ♦❜-❛❤ )0♦❥1❤❡❧♥(❦✉✱ ✈()❡✲❧✐ ➸❡ -)0❛♥❛ a = ✸✻✵ ❝♠ ❛

va = ✷✷✵ ❝♠✳

✶✳✶✵✳ ❱②♣♦↔()❡❥)❡ ♦❜-❛❤ )0♦❥1❤❡❧♥(❦✉✱ ♣♦❦✉❞ ✈()❡✱ ➸❡ -)0❛♥❛ a = ✸✸ ❞♠ ❛

✈J➨❦❛ -)0❛♥② va = ✷ ❞♠✳

✶✵✳✷ ❖❜✈♦❞ ❛ ♦❜*❛❤ ❧✐❝❤♦❜➙➸♥2❦✉

O = a+ b+ c+ d

S = (a+c)·v
2

✷✳✶✳ ❱②♣♦↔()❡❥)❡ ♦❜✈♦❞ ❛ ♦❜-❛❤ ❧✐❝❤♦❜➙➸♥(❦✉✱ ♣♦❦✉❞ ③♥Q)❡✿

❛✮ a = ✶✷ ❝♠✱ b = ✻ ❝♠✱ c = ✽ ❝♠✱ d = ✻ ❝♠✱ v = ✹ ❝♠

❜✮ a = ✶✾ ❝♠✱ b = ✶✵ ❝♠✱ c = ✶✺ ❝♠✱ d = ✶✷ ❝♠✱ v = ✽ ❝♠

❝✮ a = ✸✻ ❝♠✱ b = ✷✽ ❝♠✱ c = ✸✵ ❝♠✱ d = ✷✵ ❝♠✱ v = ✸✷ ❝♠

✶✹✸



✷✳✷✳ ❱②♣♦↔'(❡❥(❡ ♦❜,❛❤ ❧✐❝❤♦❜➙➸♥'❦✉✱ ♣♦❦✉❞ ③♥:(❡ |AB| = ✶✺✷ ❞♠✱

|CD| = ✶✹✽ ❞♠ ❛ v = ✶✸✷ ❞♠✳

✷✳✸✳ ❱②♣♦↔'(❡❥(❡ ♦❜,❛❤ ❧✐❝❤♦❜➙➸♥'❦✉ ♦ A♦③♥➙A❡❝❤ |AB| = ✷✽ ♠✱

|CD| = ✷✹ ♠ ❛ v = ✽ ♠✳

✷✳✹✳ ❱②♣♦↔'(❡❥(❡ ♦❜✈♦❞ ❧✐❝❤♦❜➙➸♥'❦✉✱ ♣♦❦✉❞ ③♥:(❡ a = ✹✻ ♠✱ b = ✸✹ ♠✱

c = ✶✻ ♠✱ d = ✺✵ ♠✳

✷✳✺✳ ❱②♣♦↔'(❡❥(❡ ♦❜,❛❤ ❧✐❝❤♦❜➙➸♥'❦✉✱ ♣♦❦✉❞ ③♥:(❡ a = ✹✽ ❞♠✱ c = ✸✷ ❞♠✱

v = ✶✽ ❞♠✳

✷✳✻✳ E♦❦✉❞ ③♥:(❡ ♦❜,❛❤ ❧✐❝❤♦❜➙➸♥'❦✉ S = ✷✽ ❞♠

2
✱ a = ✽ ❞♠ ❛ c = ✻ ❞♠✱

✉A↔❡(❡ ❥❡❤♦ ✈F➨❦✉ v✳

✷✳✼✳ E♦❦✉❞ ③♥:(❡ ♦❜,❛❤ ❧✐❝❤♦❜➙➸♥'❦✉ S = ✼ ♠

2
✱ a = ✹ ♠ ❛ c = ✸ ♠✱

✉A↔❡(❡ ❥❡❤♦ ✈F➨❦✉ v✳

✷✳✽✳ ❱②♣♦↔'(❡❥(❡ ♦❜,❛❤ ♣A❛✈♦I❤❧J❤♦ ❧✐❝❤♦❜➙➸♥'❦✉ ABCD ✭AB ‖ CD✮ , ♣A❛✲

✈F♠ I❤❧❡♠ ♣➦✐ ✈A❝❤♦❧✉ B✱ ❥❡✲❧✐✿

✭❩❛♦❦A♦✉❤❧✉❥ ♥❛ ,❡(✐♥②✮

❛✮ |AB| = a = ✾ ❞♠✱ |BC| = b = ✻ ❞♠✱ |CD| = c = ✼✵✵ ♠♠

❜✮ |AB| = a = ✶✵✱✷ ♠✱ |BC| = b = ✽✱✹ ♠✱ |CD| = c = ✼✻ ❞♠

❝✮ |AB| = a = ✶✷✺✵ ♠♠✱ |BC| = b = ✶✶✽✵ ♠♠✱ |CD| = c = ✶ ✵✺✵ ♠♠

✷✳✾✳ ❖❜,❛❤ ❧✐❝❤♦❜➙➸♥'❦✉ ❥❡ S = ✶ ✶✹✵ ♠

2
✳ ❏❡❞♥❛ ③❡ ③:❦❧❛❞❡♥ ❥❡ ✹✹ ♠ ❞❧♦✉❤:

❛ ✈③❞:❧❡♥♦,( ♠❡③✐ ③:❦❧❛❞♥❛♠✐ ❥❡ ✸✵ ♠✳ ❖❜➙ ③:❦❧❛❞♥② ❥,♦✉ ,♣♦❧✉ A♦✈♥♦❜➙➸♥J✳

❏❛❦ ❞❧♦✉❤: ❥❡ ❞A✉❤: ③:❦❧❛❞♥❛❄

✶✹✹



✷✳✶✵✳ ❖❜&❛❤ ❧✐❝❤♦❜➙➸♥0❦✉ ❥❡ S = ✺ ✹✹✵ ❝♠

2
✳ ❏❡❞♥❛ ③❡ ③;❦❧❛❞❡♥ ❥❡ ✾✻ ❝♠ ❛

✈③❞;❧❡♥♦&? ♠❡③✐ ③;❦❧❛❞♥❛♠✐ ❥❡ ✻✹ ❝♠✳ ❖❜➙ ③;❦❧❛❞♥② ❥&♦✉ &♣♦❧✉ B♦✈♥♦❜➙➸♥C✳

❏❛❦ ❞❧♦✉❤; ❥❡ ❞B✉❤; ③;❦❧❛❞♥❛❄

✶✵✳✸ ❑♦♥'()✉❦❝❡ ❧✐❝❤♦❜➙➸♥4❦✉

✸✳✶✳ ❙❡&?B♦❥?❡ ❧✐❝❤♦❜➙➸♥0❦ ABCD✱ ✈❡ ❦?❡BC♠ ❥&♦✉ ❞C❧❦② ③;❦❧❛❞❡♥ a = ✻ ❝♠✱

c = ✷✱✹ ❝♠ ❛ ❞C❧❦❛ B❛♠❡♥❡ b = ✸ ❝♠ ❛ ❞C❧❦❛ H❤❧♦♣➦0↔❦② |AC| = ✹ ❝♠✳

✸✳✷✳ ❙❡&?B♦❥?❡ ❧✐❝❤♦❜➙➸♥0❦ ABCD✱ ✈❡ ❦?❡BC♠ ❥❡ a = ✼ ❝♠✱ α = ✺✵➦✱

β = ✼✵➦ ❛ b = ✹ ❝♠✳

✸✳✸✳ ❙❡&?B♦❥?❡ ♣B❛✈♦H❤❧L ❧✐❝❤♦❜➙➸♥0❦ ABCD✱ ❦?❡BL ♠; ♣B❛✈L H❤❡❧

✉ ✈B❝❤♦❧✉ A✱ ❞C❧❦❛ ③;❦❧❛❞♥② a = ✾ ❝♠✱ ❞C❧❦❛ ③;❦❧❛❞♥② c = ✼ ❝♠ ❛ ❞C❧❦❛

B❛♠❡♥❡ d = ✻ ❝♠✳

✸✳✹✳ ❙❡&?B♦❥?❡ B♦✈♥♦B❛♠❡♥♥L ❧✐❝❤♦❜➙➸♥0❦ KLMN ✱ ✉ ❦?❡BC❤♦ ③♥;♠❡

|KL| = ✶✷ ❝♠✱ |MN | = ✻ ❝♠ ❛ v = ✼ ❝♠✳

✸✳✺✳ ❙❡&?B♦❥?❡ ❧✐❝❤♦❜➙➸♥0❦ ABCD✱ ✈❡ ❦?❡BC♠ ③♥;?❡✿

❛✮ a = ✽ ❝♠✱ b = ✻ ❝♠✱ α = ✻✵➦ ❛ β = ✼✵➦

❜✮ a = ✻ ❝♠✱ b = ✹ ❝♠✱ α = ✽✷➦ ❛ β = ✺✺➦

❝✮ a = ✶✵ ❝♠✱ b = ✼ ❝♠✱ α = ✼✷➦ ❛ β = ✹✺➦

✸✳✻✳ ◆❛BL&✉❥?❡ ❧✐❝❤♦❜➙➸♥0❦ OPQK✱ ✈❡ ❦?❡BC♠ ③♥;?❡ |OP | = ✺ ❝♠✱

|PQ| = ✸ ❝♠✱ |QK| = ✸✱✺ ❝♠ ❛

|OQ| = ✺ ❝♠✳

✸✳✼✳ ❙❡&?B♦❥?❡ ♣B❛✈♦H❤❧L ❧✐❝❤♦❜➙➸♥0❦ ABCD✱ ❦?❡BL ♠; ♣B❛✈L H❤❡❧ ✉ ✈B❝❤♦❧✉

A✱ ❞C❧❦✉ ③;❦❧❛❞♥② a = ✶✷ ❝♠✱ ❞C❧❦✉ ③;❦❧❛❞♥② c = ✽ ❝♠ ❛ ❞C❧❦✉ B❛♠❡♥❡

d = ✼ ❝♠✳

✶✹✺



✸✳✽✳ ❙❡%&'♦❥&❡ '♦✈♥♦'❛♠❡♥♥. ❧✐❝❤♦❜➙➸♥6❦ EFGH✱ ✉ ❦&❡':❤♦ ③♥<&❡

|EF | = ✶✷ ❝♠✱ |GH| = ✻ ❝♠ ❛ v = ✼❝♠✳

✸✳✾✳ ❙❡%&'♦❥&❡ ♣'❛✈♦C❤❧. ❧✐❝❤♦❜➙➸♥6❦ ABCD✱ ❦&❡'. ♠< ♣'❛✈. C❤❡❧ ✉ ✈'❝❤♦❧✉

B✱ ❞:❧❦✉ ③<❦❧❛❞♥② a =✶✶ ❝♠✱ ❞:❧❦✉ ③<❦❧❛❞♥② c = ✺ ❝♠ ❛ ❞:❧❦✉ '❛♠❡♥❡

b = ✻ ❝♠✳

✸✳✶✵✳ ❙❡%&'♦❥&❡ ❧✐❝❤♦❜➙➸♥6❦ ABCD✱ ✈❡ ❦&❡':♠ ❥%♦✉ ❞:❧❦② ③<❦❧❛❞❡♥

a = ✽ ❝♠✱ c = ✸ ❝♠✱ ❞:❧❦✉ '❛♠❡♥❡ b = ✹ ❝♠ ❛ ❞:❧❦✉ C❤❧♦♣➦6↔❦②

|AC| = ✻ ❝♠✳

✶✹✻



✶✵✳✹ ❱②❜'❛♥* ✈,-❧❡❞❦② ✲ ❧✐❝❤♦❜➙➸♥9❦✉

✶✳✶✳ ✶✺✸✻❀

✶✳✷✳ ✾❀

✶✳✸✳ ✶✹✹❀

✶✳✹✳ ❛✮ ✶✼✱✺❀ ❜✮ ✶✺✷✵❀ ❝✮ ✽✼✱✻❀

✶✳✺✳ ✽✾✻❀

✶✳✻✳ ✹✷❀

✶✳✼✳ ✷✶✻❀

✶✳✽✳ ✸✷✱✻❀

✶✳✾✳ ✸✾ ✻✵✵❀

✶✳✶✵✳ ✸✸❀

✷✳✶✳ ❛✮ ❖❂ ✸✷✱ ❙ ❂ ✹✵❀ ❜✮ ❖ ❂ ✺✻✱ ❙ ❂ ✶✸✻❀ ❝✮ ❖ ❂ ✶✶✹✱ ❙ ❂ ✶ ✵✺✻❀

✷✳✷✳ ✶✾ ✽✵✵❀

✷✳✸✳ ✷✵✽❀

✷✳✹✳ ✶✹✻❀

✷✳✺✳ ✼✷✵❀

✷✳✻✳ ✹❀

✷✳✼✳ ✷❀

✷✳✽✳ ❛✮ ✹✽❀ ❜✮ ✼✹✱✼✻❀ ❝✮ ✶✸✺✱✼ ❞♠

2
❀

✷✳✾✳ ✸✷❀

✷✳✶✵✳ ✼✹❀

✶✹✼



❑❛♣✐$♦❧❛ ✶✶

❍)❛♥♦❧

❍!❛♥♦❧ &❡ &❦❧)❞) ③❡ ❞✈♦✉ ♣♦❞&/❛✈ ❛ ♣❧)➨/➙✳ ❏❡ ❜✉↕ /!♦❥❜♦❦7✱ ↔/②↔❜♦❦7✱ ♣➙/✐✲

❜♦❦7✱ ✳✳✳✳✳ ♥ ✲ ❜♦❦7✳ =♦❞&/❛✈② ❤!❛♥♦❧✉ ❥&♦✉ ❞✈❛ /!♦❥?❤❡❧♥@❦②✱ ↔/②➦?❤❡❧♥@❦②✱

♣➙/✐?❤❡❧♥@❦②✱ ✳✳✳✳✳ ♥ ✲ ?❤❡❧♥@❦②✳

❇♦↔♥@ &/➙♥② ❤!❛♥♦❧✉ ❥&♦✉ ♦❜❞C❧♥@❦② ♥❡❜♦ ↔/✈❡!❝❡✳ ❱7➨❦❛ ❤!❛♥♦❧✉ ❥❡ ❞C❧❦❛ ❥❡❤♦

❜♦↔♥@ ❤!❛♥②✳

✶✶✳✶ "♦✈%❝❤ ❤%❛♥♦❧✉

=♦✈!❝❤ ❤!❛♥♦❧✉ ❥❡ &♦✉↔❡/ ♦❜&❛❤➲ ✈➨❡❝❤ ❥❡❤♦ &/➙♥✳

S = 2 · Sp + Spl

Sp ✳✳✳✳✳✳✳✳✳✳ ♦❜&❛❤ ♣♦❞&/❛✈②

Spl✳✳✳✳✳✳✳✳✳✳ ♦❜&❛❤ ♣❧)➨/➙

✶✳✶✳ ❱②♣♦↔@/❡❥/❡ ♣♦✈!❝❤ /!♦❥❜♦❦C❤♦ ❤!❛♥♦❧✉✱ ❦❞❡ ♣♦❞&/❛✈♦✉ ❥❡ /!♦❥?❤❡❧♥@❦ ♦

!♦③♠➙!❡❝❤ a = ✸ ❝♠✱ b = ✹ ❝♠✱ c = ✺ ❝♠✱ va = ✸❝♠ ❛ ✈7➨❦❛ ❤!❛♥♦❧✉ ❥❡ ✻ ❝♠✳

✶✳✷✳ ❱②♣♦↔@/❡❥/❡ ♣♦✈!❝❤ ❤!❛♥♦❧✉✱ ❦/❡!7 ♠) ✈7➨❦✉ ✺ ❝♠ ❛ ❥❡❤♦➸ ♣♦❞&/❛✈♦✉

❥❡ !♦✈♥♦❜➙➸♥@❦ & ❞C❧❦❛♠✐ &/!❛♥ a = ✸ ❝♠✱ b = ✹ ❝♠ ❛ va = ✸ ❝♠✳

✶✹✽



✶✳✸✳ ❱②♣♦↔()❡❥)❡ ♣♦✈-❝❤ ↔)②➦❜♦❦3❤♦ ❤-❛♥♦❧✉ ABCDA➫B➫C➫D➫ 8 ❧✐❝❤♦❜➙➸♥(✲

❦♦✈♦✉ ♣♦❞8)❛✈♦✉ ABCD✳ ❱>➨❦❛ ❤-❛♥♦❧✉ ❥❡ ✶✵ ❝♠✳ ▲✐❝❤♦❜➙➸♥(❦ ✿ a = ✽ ❝♠✱

b = ✻ ❝♠✱ c = ✶✱✺ ❝♠ ❛ H❤❧♦♣➦(↔❦❛ |AC| = ✼ ❝♠✳

✭❩❦✉8)❡ 8✐ ♥❛->8♦✈❛) ❧✐❝❤♦❜➙➸♥(❦ ❛ ③♠➙➦)❡ 8✐ ✈ ♥➙♠ H❞❛❥❡✱ ❦)❡-3 ✈M♠ 8❝❤M③(✮

✶✳✹✳ ❱②♣♦↔()❡❥)❡ ♣♦✈-❝❤ ❤-❛♥♦❧✉✱ ❥❡♥➸ ♠M ✈>➨❦✉ ✷✵ ❝♠ ❛✿

❛✮ ❥❡❤♦ ♣♦❞8)❛✈♦✉ ❥❡ ❦♦8♦↔)✈❡-❡❝ 8 ❞3❧❦♦✉ 8)-❛♥② a = ✶✽ ❝♠ ❛ ✈>➨❦♦✉ va = ✾ ❝♠

❜✮ ❥❡❤♦ ♣♦❞8)❛✈♦✉ ❥❡ -♦✈♥♦-❛♠❡♥♥> ❧✐❝❤♦❜➙➸♥(❦ 8 ❞3❧❦❛♠✐ 8)-❛♥ a = ✸✵ ❝♠✱

c = ✶✺ ❝♠✱ b = ✶✷ ❝♠ ❛ v = ✶✵ ❝♠

✶✳✺✳ ❱②♣♦↔()❡❥)❡ ♣♦✈-❝❤ )-♦❥❜♦❦3❤♦ ❤-❛♥♦❧✉ ABCA➫B➫C➫✱ ❦)❡-> ♠M ✶✶ ❝♠

✈>➨❦✉ ❛ ❥❡❤♦ ♣♦❞8)❛✈♦✉ ❥❡ -♦✈♥♦-❛♠❡♥♥> )-♦❥H❤❡❧♥(❦ ABC 8❡ ③M❦❧❛❞♥♦✉

c = ✶✽ ❝♠❀ a = ✶✵ ❝♠ ❛ vc = ✶✷ ❝♠✳

✶✳✻✳ ❱②♣♦↔()❡❥)❡ ♣♦✈-❝❤ ❤-❛♥♦❧✉✱ ❥❡❤♦➸ ✈>➨❦❛ ❥❡ ✷✺ ❝♠ ❛ ♣♦❞8)❛✈♦✉ ❥❡ ❦♦✲

8♦❞3❧♥(❦ 8 -♦③♠➙-② a = ✶✾ ❝♠✱ va = ✷✵ ❝♠ ❛ b = ✶✷ ❝♠✳

✶✳✼✳ ❱②♣♦↔()❡❥)❡ ♣♦✈-❝❤ ❦-M❧(❦M-♥② ✭❞✈❛ ❜♦❦②✱ ③M↕ ❛ ❞✈➙ ♣♦❞8)❛✈②✮✱ ❤-❛♥♦❧ 8

♦❜❞3❧♥(❦♦✈♦✉ ♣♦❞8)❛✈♦✉✱ ❦❞②➸ ♠M)❡ -♦③♠➙-② v = ✶✱✽ ♠✱ ♣♦❞8)❛✈② a = ✷ ♠✱

b = ✵✱✺ ♠✳

✶✳✽✳ ❱②♣♦↔()❡❥)❡ ♣♦✈-❝❤ ❤-❛♥♦❧✉✱ ❥❡❤♦➸ ✈>➨❦❛ ❥❡ ✻✵ ❝♠ ❛ ♣♦❞8)❛✈♦✉ ❥❡ ↔)✲

✈❡-❡❝ 8 -♦③♠➙-❡♠ 8)-❛♥② a = ✸✵ ❝♠✳

✶✳✾✳❱②♣♦↔()❡❥)❡ ♣♦✈-❝❤ ❤-❛♥♦❧✉✱ ❥❡❤♦➸ ✈>➨❦❛ ❥❡ ✸✺ ❞♠ ❛ ♣♦❞8)❛✈♦✉ ❥❡ ❧✐❝❤✲

❜➙➸♥(❦ 8 -♦③♠➙-② a = ✶✽ ❞♠✱ b = ✶✷ ❞♠✱ c = ✶✺ ❞♠✱ d = ✶✶ ❞♠ ❛

v = ✶✵ ❞♠✳

✶✳✶✵✳ ❱②♣♦↔()❡❥)❡ ♣♦✈-❝❤ ③❛❤-❛❞♥( ❝❤❛)✐↔❦② ❦✈M❞-♦✈3❤♦ )✈❛-✉ ❜❡③ ♣➦❡❞♥(

8)➙♥②✱ ❥❡♥➸ ♠M ✈>➨❦✉ ✷✱✺ ♠ ❛ ❥❡❥(➸ ♣♦❞8)❛✈♦✉ ❥❡ ♦❜❞3❧♥(❦ 8 -♦③♠➙-② a =

✶✱✽ ♠✱

b = ✵✱✽ ♠✳ T➦❡❞♥( 8)➙♥❛ ♠M ❞3❧❦✉ ✶✱✽ ♠✳
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